JO0o0dodon Gram OO0

o o
Joobobooon gbobobbo

bbb tdbotdbotdyn
oo oogogod

Juboodootdbootddn



O0O04d0d0d0 — Casorati 0O

(Do0DO0D0D000000O0O

sinh-Gordon

sine-Gordon
\DDDDDDD etc.

(ooooO
! 0oQg

etc.

Joo0ooooooogooodd
[1 Plucker O 00 O [

Juoogdood

Gram U O O O Gramian[]




sine-Gordon [ Casorati U O OO OO

0%0 | 1
910y —4sin 6 H = Z (210g—0—10g)\)
(1) (1)
fn o FiN— N
T = - - A= HPZQ
N N =1
fi) e FaaN- |

f(k) n pkx_p_k+77k0

y
n —Prr+-+Ek0
n’' =DPppe I Pk

+ (—pg

o0 ogoogon......

2



Dx,yUO0QO0000O00O0O

Joooooboboboboon

= Uttt dnn

T
nkO:—ka:ZZ pr €R

B
Jggpooopooood
HRERERERERNRN

Gram 0O OO0 O00O0OO




Gram OO OO

(p1,01) (01,92) -+ (¢1.0N)
(92, 01) (92,02) - (P2, 0N)

(N, 1) (on,92) -+ (N, ©N)

(i, )0 ;0 ;000

[]

b
(@i, ) = /a pi(x)pj(x)dx




OO0o0o0oooooddGram OO0

X
7'(51373/7 s ) — det (cij +/ gpi(a:/,y,

1<i,j <N

c;00000

pi,; DOOUOOO0O0OoOoOoOOOn

.. .)%(5,;’7 Y, - - )d:p’)



Casoratil] [0 [ [

1 1
il
™n — : :
N N
fi e e

Juoogtdboogduoogdun

1 2
liDyTn “Tn = Tn+1Tn—1— Tn

EREREREREEEEERE
0 (k) (k) (k)

9 plk) _ (k) O k) _
axfn _fn+1 ayfn o n—1



X
Mm;j = Cij +/ pi(x)Yi(z)de OO0 O {agjj _ %%}

i, Y0

0? 0?
&cay g &Cﬁy% i
O 0O000n
@m” o v 6902 6¢]
dy / (0_y¢‘7+% 6’y)dx
__/x 0 (92 dx
Ox \ Oy Oy
a I
Omij _ Op; 0V
oy dy 0y

\_ /




i, Y5 U
Ozpi(n) = @i(n +1) Oxtpj(n) = —j(n —1)
HREREREEERE

mij(n+1) —m;j(n) = /x (wiln+ Dbj(n +1) — pi(n)yj(n)) dz
:=/xH@wmﬁW%n+D+¢%M®ﬁﬂn+D%ﬁ
—/w%@mmmmﬂlnm:

[wwm+mwwmmw+wmw¢n+n}

8



n n n
myp Mg ottt TN
n n n
Moy Mg t0 Moy
™ —
n n n
Ny Mg 00 NN

Jogoobobboooboboboboodgdd

1 2
éDnyTn “Tn = Tn+1Tn—1— Tn

Juoooogdd



n+1
mij mw T ©;
0 aygpz _SOZL

(ay%p? = _90?_1

2anrl
Dy Dy = 7
D) = =™
Oy = wnJrl)

10



gy (a1 app - ay )

A= | @ ez en | gppg

\am ang - aNN )

ax|A‘ — Z

Casorati (Wronskian) [ OO [

0O 0O O
0y =10,1,--+ ,N — 2, N|

11



apu aiy -+ AN
A=
aNy -+ NN
Ajj =0 AD (4,7)000 0

0000
N N
Or|A| = ZZAU Oz
i=1 j=1
(1 [
N N
x| A = ZZ Oa.: Or
i=1 j=1 <

12



du ajl aip -0 aiN b
as] ag -+ asy by
- - :_ZZAUI’CJ
ani ano -+ anNy by =1 j=1
cp, ¢ -+ cny 0
O O O
aip -+ Q1N
Az’j: : : D( j)DDD
aNi -+ GNN ~
J
V.
aip -+ QiN
= (=1)"7 | <
ani +++ aGNN

13



Gramian O O [

7 = det(m;j) Nx N
L1 O] O [

1=1 g=1
Mg Pi

mll e o o

le o o o

—¢1

OpT = Z Z Ajj Opmi; =

Oxmyj = Pi;

miN ¥1

MNN PN
—Yn 0

Z Z Aij iy

1=1 g=1



Oxmij = @i
L OO
mij ¢;

Oymij = —(0yw;)(Oy1);)

mi; Oy

HRERNEN &E(‘)ygp@ = — @y, 5’;,;8y¢] = —ij L1 0

@x(?y‘mij —

mij Oypi @i
8y¢] 0 —1 | = ‘mm
—p; 10

15




- 0.0 | =0 1) Y

A TRLTY x 8y¢j 0

N—HN—HN

= > > A 0(65)00)

=1 j=1

AyO(N+1)x (N+1)000000
N N
= N Opmyi: + A 0,0y 0; + A 0,0

Zzljzl 1) Yxlltyg ; 1,N+1 y¥Pi ; N—+1,9 y%

| I I
piY; — P — Yy

16



N N

— ZZAZ] axng +ZA’L N-+1 axay@z ‘l‘ZANJrl] %Qy%

== T 0 ||

i — ©; — P

~

A0 (N+1)x (N+1)00 (m” yOSOZ)DDDD

Oy
Mij KPP0 s B
—; 00 v J

17



mi; Oyp; i

—p; 00
mi; Oyp; i
—p; 10
mi; Oyp; @i

Mij =il | Mg Oy
mij Oyp; |m

i]
"

18




m%ﬂ — m% + @?1&?“ 000

mi - iy mi; + 901¢n+1 myy + ¢1¢n+1

m?vﬁl e m?\?]\% : My + 90N¢n+1 e Myt SONWLH

mi, + it myy + 901¢n+1 o1 mi
- le—I_;OanJrl ‘ m?VN+¢%¢?V+1 PN - My
0 0 ! g

000ml " =mi — ol 'y 000

=

J

19

n n
min  ¥1
n n
myy YN
77bn—l—l 1




Oumy; = 07 V5 Oymis = —(Jypy’
i = il + o
g} = @t Oy =~
Ol =~y Oy} =it
10O O
oufmiy| = | " S oy = | 2, B
] Y77
m% Oypi 5 m%
(00, + V)|miy| = |97 0 —1]=|or
—7 10 —y"

20




mn n
my; ¥

21

n ,n—I1
My i

S|




Juooguoogtdun

aii

ani

aN+1,1

aN+2,1

ai

ani

aAN+1,1

aN+1,1

1N a1,N+1

NN AN N+1

AN+1,N ON+1.N+1 AN+1,N+2

AN+4+2. N ON42 N+1 AN42 N42

Q1N a1,N+1

ANN  GN,N+1

AN+1,N QON+1.N+1

a1 N+2

AN N+2

AN+1,N AN+1,N+2

a1,N+2

anN N+2 | X

22

aN+2,1

aAN+2,1

aii

ani

ainN

aNN

a1,N+2

AN N+2

AN+4+2. N QON+42 N+2

a1, N+1

AN N+1

AN+4+2. N AN42 N+1




D |:| al

s AN a1,N+1 a1,N+2
aiy -+ QIN
anN1 aNN OGN N+1 AN N42 | X
AN+1,1 AN+1,N ON+1,N+1 AN+1,N+2 N1 ANN
aAN+2,1 AN+4+2. N ON4+2 N+1 AN+42 N+2
= A A;;0 (N +2) x (N +2)
— ;ai,NJrQ 1,N+2 azy N N 000000
N+2
= Z a; N+2 DNi N2 | R
1 NxN \‘Z
N /N+2 aip -+ Q1N A1 N42
+ Z aij Ai Ny2 (—1)7 N
g=1 =l an1 ANN AN N2

23




N+2

- Z g, N+2 Az',N-|-2

1=1

aij

NxN

N /N+2

‘|‘Z Z a; Ai,N-|-2 (_1)j+N—1

aii

j=1 \i=1 .
N+2 N o

— +N—1

— E Aj N2 E (—1) o

- = an1

24

]

J
Vv

1N G1.N+2

ANN AN.N+2

AN @1 N2

ANN @N,N+2

+ Qi N+2

CLZ']'

NxN



= AN{2, N42

aii

ani
AN+2,1

ani

J
aiN Q1 N+2

ANN AN,N+2

aiN Ay N4+2

Q1N a1, N+2

aQNN AN N+2
AN+2 N AN4+2 N+2

25

aiN A1 .N+2

ANN QN ,N4+2

+ ANt1 N+

+ Qi N+2| Qi

x N

Ay i N42
AN+1,7 AN+1,N+2



m' &
] -
i bi P
j 0 1
oy .
J 1 i ‘mn. ) e
0 gl b _¢n_1
1+ Z "y
j O o ij P
A\
m wj |
o wnz—]l SO? "
J IR 1 el
_wn Z
J

(83—1— T Ty, = OyT Tn — (—T Ty —
xVy 1>n><n +
xTn ( nl)

n—I1

1
=D = —
Tn+1Tn—1 T2
n

26




IL.Gram OO OO0 OOOOOO

Jo0o0ooodod Gram OO O
HRERERERE

2. 0000000

— Uuuonbi

27



[N—soliton [] }

i
T, = det (m%)NxN = det (cij + / @?%ﬂx) oy

Jo0C
Cij = 0ij
e L
o = applf Y
L
Y= B(—gy) e
1
100000000 m, =6;+ -l

28



m ©1Y1

P11+ q1

P21
P2+ q1

©NYP1
PN T q1

P12
P11 Q2

L9

P2 1+ Q2

ONY2
PN T @2

29

C1YN
P1 + 4N

P2V N
P2+ aN

CNUN
PN T 4N

1+




Fredholm [ [ [

A= (aij)NxN = (5i~7)NxN SHE

F = det ([+A)

_1+Zau+ oo et

1<i<j<N |t I

;g aij a;l
+ DL |aiagj agp |+
1<i<j<k<N | aj; kg Akl

30

alll ° o o

a/Nl...

a1N

ANN




. witti P

D D D DR LUl B
— pi + q; I<ici<N SOM ¢j¢j

pi+aqi pjt+gq;

P piw
P11+ q1 pP1+ 4N
-+ : :

PNV _PNUN
PN + Q1 PN + 4N

1 1

1 1
:1+Z 4+ - i + Z Z1 1 | et
i1 Pi T i 1<i<j<N
pi+dqi pj+gq;
1
+ -+ P12 onP1he -y
Pi T QN

31



[DD J 0000000000000000

Joooooon

[ 00O %m:@ml:]

oy

1 9 2
§D:1: ™m = Tn = Tn+lTn—1 — Tp

32






[1  sinh-Gordon , sine-Gordon

[ 000 740 = }

0000 f=m,g=7 0000

1
SDeDyf-f=g° = f°

1

SDaDyg -9 = fF-g

34



35



[ sinh-Gordon , sine-Gordon [ [ [ }
1 1

§DIDyf'f:.92_f2 §D:UDy9‘9:f2_92
DyDy |- f
(log f)ay = - 2?2 HgN

(l0g f)ay = (?)2 —1 (0g g)ay = (5)2 —1
(), -0 -0)

36



(7).~ (0 - (7)

v:ﬂ%%DDDDD

vy = 2(e” " —e¥) = —4sinhv (sinh-Gordon)
v 2. g
9:—:—10g—DDDDD
v 1 f
Opy = —4sind (sine-Gordon)

Joootdtdbobtotddbbootdtdbobootgdud

[ 0000000000 00000000000 }

37



v,y e ROODO 000

OyOy 0 = —4sind
000 t=z+y,s=a—y 0000

(07 — 02)) = —4sin b

reC, y=7o OO0 000

x — rT—x
X=x+y=x+7T , Y = .y:

1 )
HREREEN

(8%( + (952/)(9 = —4sin6

38



((9%( + ({932/) 0 = —4sin 6

I

X, yogououoooooood
oo

0 — 0+7 OO0

Juoogdood

39



Juoogdyn

(Q%( +- 332/) 0 = —4sin6

X >+c00006#—00 0000
00000 nr (neZ)

HRERERE

(83(+8%/) f = —4sin6 0 — 2nmt (X — —o0)
[]

(0% +03) 0 = +4sin0 0 — onm (X — —o0)

Juoogudood

40



sine-Gordon (z,y,X,Y,0 € R)

(0% +0%) 0 = —4sin g 0 — 2nr
(0% +0%) 0 = 4sinf 0 — 2nr
sinh-Gordon (z,y, X,Y,v € R)

OyOyv = —4sinh v
(Q%( - 8)2/) v = —4sinhv

(8%( + 8)2/) v = 4sinh v

41



Juoogdood

e IO ION
o [ 1[I0

o [0

2
Uz2log% 6 = —log
?

f=0 (org:O)DDD 0,0 00

NS

42



2
sine-Gordon [ [ [ Ory = —4sint 0 = flog%
(/
1 (pi+pj)z— (i.+i.)y
f =1 =det 5@'j—|——oz7ﬁje ! i ¥
pPi +Dj
NxN
! (pi+pj)a— (i#.)y
g=T1 =det | 0;; ————aq;0;€ ! i ¥
Pi TPy
NxN

o 110 pcROODOOO |f|=]g|
00000 g= fO

p; €ER, a;eR, B;€iR O0O0OO

g=1f for z,yeR

43



o [ 11010LO

f#0 for  z,yeR oooooon

aj =0, Bi=+/—1e% 0000

v —1
f = det (52;7' + et )
pi + Py NxN

1
pjE€R  G=pr——y+&o €R
J

44



F#40 000

f=det (I+v=1S) S:00000

SO0O000 s;€R

N
H 1+\/_3‘7
7=1

45



sine-Gordon [ [ []

. 2, g
(@g(+8}2/)9:+481n9 9:glog?
X=z—y v="" y——3

?
(pitpj)r— (i+L
=det | 0j; + — ;0 € i ¥
f Ee—— i0;
g = det 52]_ []
o [1[10J

pjl=1 0000 pjz

1
——y=pjr+p;T R

Py

46



1 1
Oéi:pf?“z', B :pg"“j\/—_l (r; € R)
L 0O O O

1 T
— i = V-1 12‘7 cv—1R

Pi P pi\% (Dj 2
(p_j) ()
( )

f = det 51] + 1 egﬁ_gj

\ 1@ ()

§ =pjr — o +&jo  (rj = €80)
7

DO —

47



e 1 O00OOMO
f#0 for y=—21
o [ []00

(X,Y)DDOOOOOOoDOD0O00000 & — —co000
, (1<i<N)

§i — —00
f—1L g—1  0—-0

& — +00, U det ( 1:|:2 ! - 2) &ty
g (pi/P))** + (pj/pi)"

48



2
— (=), 9:;log%e2nﬂ

000 ( (9% +0%) 6 = 4sin6
00000000 60— (2n+ 1)
00000000

odo 60— 2nm (X — —o0)
0— (2m+1)m (X — +o00)

Jooooobobobbod
Joooobobod

49



[DDDDDDDDDD]

1 2

Juoogduoogdun

L] [] e T_9 T_1 T) T1 T
T
0000

TN =T-1, T2=T-2, 713=7T-3,

L1 [ cee T_9 T_1 T) T1 T

1
000o0oo

T =70, T2=T-1, T3=T-2

50



X
T, = det (CZ']‘ + / ©; W%l:v)
NN

1
Ot = Oyl = —pl'™

O = =i gl =gt

o1



Cij = —Cjj s 0O O[O

52



O Gram UOUOOOO0OO0ooon
Joogooobobobbbod

Juooogtodooodd
Juoogduootgdun
Joooodoon

53



