1XITTOUENA AN ROBRELE O E DIV

B EE (LK - B32)

BHEE  (RK-ZEfkel)
2HBA (K - B38)

PO ITARFAARES "8 WKB 1 & R PR AR )
200845H28H (k)



Schroder map & tent map (1)

sn, cn, dn: Jacobi DEMAEEL  cn’(u;k) = 1 —sn®(uz k), dn’(u;k) =1 - kK*sn’(u, k), 0<k<1

2sn(u; k) cn(u; k) dn(u; k)
1 — k2sn*(u; k)

BEAAI: snuk) =

-

Schroder map

4z,(1 = z,)(1 - kzzn)

Zot1 = f(z0) = 2o = sn*(2"&03 k), 7, € [0, 1]

(1 = k2z3)*
Tent map
n 1 Zyn 0< Vn < L
o =00 =112 yZ‘z'):{ Lo
-2y, +2L 5 <y, <L
\
k — 0: Logistic map Zosl = 42,(1 = 2,), 2, = sin(2"xp), 2z, € [0, 1]
Y $s(y)
L | s
0.5 0.5 15 ; ;
0.5 O L L>
2




Schroder map & tent map (2)
Schroder map & Tent map & DIHRI4E:

4Zn(1 - Zn)(l - kzzn)
S (@) = 1 - kzz,%)z ) Dy (y,) = L(l —-2

|\<
S
|
| —
N —
I
—_———
[\
<
R
o~ O
IA
<
R
IA

IA

<

N

IA

I~ I

pofod ! =Dy ¢P2)=

-1 . . s =S AN FE Eéz/\
o (Vz; k), Kk): E1ETE2EMAEED

()
K
0<y<s — ®()=2y, z=¢ () =s (—y;k)

K K 4z(1 — 2)(1 — k?
67 0 2)(3) = s (T @205 K) = s (2 3k = Z((l _Z)k(zzz)z D @) = (fo ™)

N | B

K
Sy <L — 00)=2L-2y, z=¢"'0) =0’ (r:k]

(qS_1 o Dy)(y) = sn’ (%d)z(y);k) = sn’ (ZK - 2—IL<y;k) = sn’ (2%)};/()

= f@) =(fod Hy) (. sn*DEHI 2K(k), sn” : even)



ZEDEDHE

v BEROBIE
@ Schréder map & tent map DF7 U UL\BR
BEERYLIC & o TSchroder map D ERE#H & #EH Y LT tent map [CFB1TT 3.

@ tent map DL L\ERAIFHIEEIR
H3ROCHILEHIRICHRELZ ROEHDILY D EZIRIK L DEASRKR

v EDRN
o BEEUL: Burgers AR ZHIE LT

Burgers 51230 — Bfs{Burgers Fi23{
— 8EH#EL Burgers 5121 - Burgers cellular automaton - Rule 184 ECA

@ Schréder map DBEEEL

@ Tent map D ~O D)L EI2H0ES



Burgers A2

2
Burgers 5i23: % — u% + % =0
1 1 RITISFFIREEORRDERGIET : LA - 28R - FEK--
, 19f  of _&f N g,
w {RfIZ{L 0] 8E: Cole-Hopf Z#: u = f@x o T — z:; 0o EEHAR
ptal -
B o 82 t+1 _ ot — 2 ft 4 f1
= wfsne Lt O =00 Tl Je 22t
ot 0x? ) €2
t
v (BHEY Cole-Hopf &y,  ul = ;’;1
1+ =240+ Lyt 5
discrete Burgers Afe=:  uf'=u  ——2 "< "ML A=
1+ A “n-1 + o Wy1Un €
N
= Z ekintwit+éio =log(l + A(e" =2 + e7™M)) — FERR
j=1



Burgers GiZX DiBEERE (1)

Key formula:
: A B
lim elog(ee + e« +) = max(A,B,---)
e—+0
Uh L 1-2A _M
L HR: W =e<, c=e-, —e e
cA
1-2A ¢ | S
i I+ =" uw,+ 5 wu
n— “n-l1 1-24 ¢ 1 ¢ t
l+="u  +5u_u,

Ul -M uh+U'  -L ul o -Mm Ul +UL-L

=>U,i+1—U,fl_1:4510g(1+eT+eng+1 )—elog(1+ene +e e )

“ € — +0

Uyt - U, = max (O, U, - MU, + U, - L) — max (0’ Upy =M. Uy g + U, = L)

n

ultradiscrete Burgers 57230: UL =min (M, U,_,.K - U}) - min (M, U}, L - U.,,) + U,

M, LU)eZ = U,eZ —  RKEZHORERIL!

vV X— +, + — max



Burgers GiZX DiBEERUL (2)

BREEE DN ¥ b AL T REE PR E DSy hTRiRETES 2 &
1+ 1224 0 4 Lyt u 1!
1 A 2 +1 1 1
U, =, 1 gA T - w,=c— - o T =ALL+A =24+ Af
+ S U n
Un 2 L 1-2A M F
“ u;:ee, c”=e-, A —e €, f;:ee, e > 40
Ut = min(M,U'_,L - U,) I I
- U=F_-F += — F"=max (F; LFL+ = - M, F;+1)
—mln(M Ul,L- U;+1)+Uf1 2
: d k(n+1) &
1+e n+1l)+wit+&g
ro_ ntl _ o ki —k;
u, =c I T gmrard w; =log(l + A(e" =2 +e™))
K =
“ k=—,w=—,§o——0, e — +0
€ € €

L
U = > +max (0, K(n+ 1)+ Qt + Z9) — max (0, Kn + Qt + =)

ec —2+e K)) = max(K, —K) = |K| (assuming L —2M < 0)

Q = lim elog(l + ——r
e—+0 2+€ e

7




Burgers ZRZNDEBEERUL (3): BILA—FVY KL

ultradiscrete Burgers S12%: U! = min (M, U!

n

_.L-U})-min(M,U,,L-U.

n+1

)+Uf1

 EEEHOBEL: M, L,UcZ = UleZ
w BILA—KRI RV INSX—HZFELT U, OEZBREICHIRTES

M,L>0, 0<U<L — 0<U <L

()
{ o min(M,US_|,L-UJ)>0, { o min(M,U%,L-US)+ U =min(M+ U2, U + U’ L)

n n+l

<L
o min(M,U%,L-U%,)20, [ e min(M UJL-U, )-U=min(M-U20,L-US, -UJ)<0

w 2{ETILA— K~V EUADGHME:

L<M — Uf;“l:min(Ut

n—1-

L-U,)-min(U,,L-U.

n+1

) + U’
L = 1: Rule 184 Elementary Cellular Automaton (Wolfram)

Ul U UL, 111 110 101 100 011 010 001 000
Ut 1T 0 1 1 1 0 0 o0

101110000 = 184



Schréder map DFBEEEIE (1)

Schréder map: X '~ F2ADREIRE,

Znt1 = f(z0) = 4zn(1(1—fnlzgi%;2k22n), flm ,,,,,,,, |
Z0 = s02(2"ug: k) € [0, 1] |
lim €log(e? +e? + ) = max(4, B, ) S S
log ADBIBEIFIEDEE TRIFNIXIRS AR | T

VIRA YK 1[0, 1] (FBEEEICE > THIRNE DT ED — WHIBE—RHD/BEHT [0,0) CFET

<n
1 -z,

inbF— Xy =

Schréder map (on [0, cv): BREBIILTIAE |

4x,(1 + x,) (1 + k’2xn)
(1= k)’

Xne1 = (X)) =

o sn’(2"ug; k)

_ = , KP=1-k
1 -z, cn2Q"uy;k)

Xn




Schroder map DBEEEUE (2)

N = - . " ,k e
/OEE: BROMG: to-x, kok MROWS: Jacobi DEMZR EEE” k; = —i sn(iu; k')
u,
4z,(1 — z,)(1 — k*z,) 22 4x,(1 + x,) (1 + kx;, ) S12(2" 0 k)
n+l = ’ n = Uup, — Xp+l = Xn =
ol (1 - 1222) - ’ ! (1— K22y en?(2"ug; )
7 s H, . Xn / L /
v BEfEUE : x, =exp —], k' = exp —2—], O<k <1, L>0).
€ €
. ) N
Ultradiscrete Schroder map
Xn Xn Xn—-L
dec(1+e<)(1
X,+1 = lim elog[ e (d+e 2}){5_L+e )]
e—+0 (1 —e € )2
X, X, <0
2X, 0<X,<5%
= X,, + max(0, X,,) + max(0, X,, — L) — 2max(0,2X,, — L) = 1
-2X,+2L % <X,<L
—X, + L L <X,
NS /
iw IR log DPICHdominant [CRSBRVRDEBSEESATKL
2 +
lim elog (e% - eg) = lim elog (ez?A —2e ¢ ez_f) = 2max(A, B)
e—+0 e—+0

10



Schroder map DFEEEEL (3)

Ultradiscrete Schroder map

X, X, <0

2X, 0<X,<%
X411 = X, + max(0, X,,)) + max(0, X,, — L) — 2max(0,2X,, — L) =<
~2X,+2L <X, <L

X, +L L<X,

0.75¢

0.5}

0. 25¢

-0.5-0.25 25 0.5 0.75 1

0. 25}

-0.5°¢

v [0,L] TIX tent map, ZDNATIZBEBERINE
11



Schroder map DBEEEL (4): FRDBBEL

187 — 5

s k) = 2O gy = 2OR0) 0, KR = (

$2(0)do(v) $2(0)o(v)

92(0) )“
93(0))

ﬁO(V) Z( l)n n? 2n _ \/;Z (n+ )? 192(1/) Zq(n_E)Z 2n—-1 _ \/;Z( 1)n __(V 1)

nez nez nez nez
ﬁl(V) — lé( l)nq(n—z) 2n—1 /Eﬂ- Z( 1) e——[v (n+2)] ﬁj;(V) ;qn Z2n _ ’Eﬂ Z (v—n)
_ : B en’ _€m 950
z =explinv], g =exp |’ T = 17, >
e ~ +0 CDENAZE) ((v)) = v—=Floor(v), 0<((v)) <1
0 0 , (6 (20 1,
/o0 ~ 24— exp|- ] / waw>~(a;apf;ﬂb»—§]d
6 BCA 6 [ 26 1.,
v 9(0) ~ — 1 —2exp _E) ()~ pong L2 __?[((V)) - 5]2_
0 0] » (0 6 ) 6 "%
s 050~ = (1e2ep[-2)) v @007 ~ () (e |ZONE| - exp |-zl - 1)

12



Schroder map DBEEEUL (5): BRDFBRERL

€ ~ +0 COEMOZEE) ((v)) =v—=Floor(v), 0<((v)) <1

/' %0 ~2 \/g exXp [—4%] /B ~
v 19(0) ~ \/g(l —2exp —g) ()~ (
v 150) ~ \/g(l + 2 exp —g) v ()~ (

M

192(0))4 - 16 exp [—%] (1 + 4 exp [—2?9])
930)) (1+2exp[-£])’

[ 20 1.,]
Jexp |- =100 - 57

3=

[ 26 1,
exp | = — () - 5]2

Q=
N—

) (exp| -1 | - exp| - - 1]2])2

Q=

L
k’zzexp[——lzl—kzzl—(
2€

= - sn2(u; k) (l%(owl(v))z (1 2exp|-]) exp | 22|

Coen2(us k) B

Xy = GXP[ Po(0)F(v) 4 (1 — exp [2[2((‘/)) - 1]])2

€

13



Schroder map DBEEEL (6): FRDBBERL

L= lim

e—+0

X, = lim

K
e€|- —log
€

€ log(l + 2 exp [——
€

e—+0

[ 20
(1 +4dexp|——

0 4
)+log(1 + 2exp [——D ] = 0 — max [0, -26] + 4 max [0, -0] = 6
€

€

"2
0 ) L 2O)

€

~log 1 - exp [g[zav)) - um

=2 (max [0, —6] + 6((v)) — max [0, 02((v)) — 1)]) = 9(1 — 2‘ () - % D , v=2"%,

BLELKD, Schroder map & ZDEEDBEEHEULIIRDKS(CHRD -

Solution:

N

Ultradiscrete Schroder map

X, 1
Xn+1:L(1_2‘f_§‘)’ X, € [0, L]

X, = L(l - 2| (2"vp)) — % ')

COBNEIRICHETHD I EFEREFTETEHRSIND.

14




Schroder map DBBEEFE (7): WS DO DEE

= iR 35|# D parametrization:
BEDS | BDDPDERBEE uy, vo [FRDESICRT=IVZERBDINENH D © uy = gvo
ZOLTHLKE

u 2"

= ~ > 2" — +0
ﬂ(ﬁ3(0))2 ﬂ_(%) vo (€ )

14

> BEEEITRER & ISR OREER: Wk NEARFEER( 2K(k), 2iK(K)

cn?(uzk)

T 0 , T /4 0
e~ +0: K= 30300~ 7. K(W)=——(0:0) ~ 7, u~—v

IETT

— vICETREARB~ 1,

ERtAL(IERHZBRICROTZE X, BAHAZ0ICTDIETERERE=NTWLS !

1= Logisticmap: k=0 «— L=0

4x,
(1 = x,)?

in+l = 4Zn(1 _Zn) — Xp+l = > Xn+1 = _|Xn|9 Xn = 0 : EE<@L\

4

k—0: K(k)==, K(')=log ’ BREBUEIR & consistent TR L\!

NN

15



Schroder map IC{TBET 2 15 FHI#R

4 N
[0, 00) LD Schroder map:

4x,(1 + x,) (1 + k’zxn) Vo NI . - sn2(2"&: k)

(1 - k2x2) - LT en?(27&; k)
Ng /
vV HIBEAHIREORIDESD xEH ENDOHRELERBED

Xn+l =

sn?(u; k) sn®(u + n; k)
cn?(u; k)" en?(u + n; k)

[xy —a(x +y) + b]* = 4d’xy, (x.y) = (

1 B 1 cn?(n; k) 1 dn(p; k)
2k k2 sn2(p k)’ k2 sn2(p; k)

v 1EMdROBRERL

> kK?d* = (1 + k"*b)(1 + b)

a

m [
m I~

L 1
, kK=e2(L>0) a=

—ﬁze, € — +0

xX=ec, y=e-, b2=e, A4d? = e

BEfE b SN/ BREhIE: maxQRX +2Y,B+2X,B+2Y,2L)=X+Y+D

o — B B
NS A= DFEA: —L+D:max(0,§—L)+max(O,§)

16



5 iR DBRERE (1)

5)

max(2X +2Y,B+2X,B+2Y,2L)=X+Y + D, —L+D:max(0,§ —L)+max(0,

B B
1. B>2L (> 0)DiF5E : —L+D:——L+§ — B=D(>0)

B
2. 2L > B> 0DiFH : —L+D:§ — D=L+§(>O)

3.0>BDiFH: -L+D=0 = D=L 0)
: Yﬂ
E : y A :
| cror BN e \ --------
2 ¢ o\ Uk
L (5’L_55) !
X . C o ¢
i C/2 " 2| 2 X
_____________________________________ ~ X b LN
N L Ol C>?
L—%i 2 ( _5’5)§

, C _
Bl#2:2L>C>0, D=L+ 5@%@@&%1%

17



FAEAILEER(1)

vV FOEWIZERNHDSEXRDSOENIVEBIR C : f IO ARTEERLRDRDES

f= max [Adg.a) taix+ay], Ac 72

(a1,a2)€A
’/L___/

RO HILES ~OEH b

A
Yoo

®
o o ©

X
*—o—>

B
f=max(2X +2Y,B+2X,B+2Y,2L,.X+Y+ D), 2L>B>0, D:L+§

BINR—Y THEONTEIRIE C D SFERR
(tentacles) ZERD X >7=HD: C

18



hAEAILIEHBER (1)

v ~OEAHILEMERIR  (M.D. Vigeland, math.AG/0411485): f = Jmax [Aay.a) + a1X + azy]
ap,a

ww degree3: A={(a,a)€Z*|0<aj,a <2,0<a, +a, <3}
w genus 1 (A DO A(A) DARZBDIEF R DE)

= 5D
C: —DDYAD) C ERBERDSEDHER (tentacle)
220 = 202 = 400 =0 20 = 200 =0
Ao = Aaz =10 Ao = 10
a0 =0y =5 a1 =20 a0 = Aony =35
Aany =20 Apo = Ada1y =~
y Ay

tentacle —

19



MAEAILIEHEEER (2)

v UB5hy dh0EN)LEbHR

i 2 CDERN=X
iw FIERHSESAD primitive tangent vector DA O,

X (p,q) B B30D primitive tangent vector «—— (1) BICF1T (2) p, g (FEWICELBEL

BOEDTRW\NGE

V=1 + X max[2y, 3x, 2x]

20



kAOEAILIEABER (3): Jacobi Z#k{E & Abel-Jacobi map

Mikhalkin-Zharkov(2006), Inoue-Takenawa (2008)
Vi=0 v,

1 .
g = — (v;i E; @ primitive tangent vector)

vil
n

Total lattice length: L = Z i |Ej
i=1

tropical Jacobian: J(C) =R/LZ

v Abel-Jacobi map:

n: C — J(IO) RORESRELETHERY) n0) =0, n(Vi) =n(V)+salEl (=1,2,...

v ROEHDIULEREhIRDOI0E (Vigeland, 2004)

R 0,
P P

21
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ultradiscrete Schroder map & ~AEHJLBEIE

f=max(2X +2Y,B+2X,B+2Y,2L, X +Y + D) C: max(2X +2Y,B+2X,B+2Y,2L)=X+Y + D
DEHZ OEDILEEER C Schréder map (C{IFET S5 EEER DEBEERUL

v Tropical Jacobian & Abel-Jacobi map

_ B B B B
s wmo-(oa-). e a). w-(u) e[
C O] V=0 (0 -). v ~.0). V3 o). vi=(2

C Difz: E;=VVi, |Eil= ‘/E(L— 5), |Es| = 7\/_3, |Es| = \/E(L— 5), |E4| = %/_B

primitive tangent vector v, = (1,-1), v, =(1,1), v3=(-1,1), vy=(-1,-1)

4
|E| _
Total lattice length : Z I_ = Tropical Jacobian @ J(C)=R/LZ =R/2LZ
i=1

_ _ B B
= Abel-Jacobimap u: C — J(C), u(Vy)=0, u(Vo)=L—-—=, uV3)=L, ulVy) =2L-—

2

2

22




Tropical Jacobian FDEAER (1)

vV 7:C — R:CLEDEHNS XENDHE.
=20, 7 (31258 THBADT, Y EBEONSEVWAZRBDENETT S,
V p=nmou': JC) — R: PeC DX FEZE u(P) =5 F251&

) P Va4

V3

v Tropical Jacobian F DEAEIR

@2: J(C) = J(C),  ¢a(p)=2p(mod L), peJ(C)
V plc&D o DHEBER
®: R —» R, Dy =pogrop”
v EFRUEWZE

X1 = O2(X,) [0, L] E® ultradiscrete Schroder map (tent map)
23



Tropical Jacobian Lt DfEAE& (2)
V p=porn ! [CKBCDX FEZE J(C) D explicit 72T

X A
D 0<p<L —
= e J(C
p(p) {—p+2L L<p<2L P ©)

V Oy=pop,op ! ZEETT :

X =p'X)=X, X" :=p:(X)=2X"=2X, X,X" €J(CC)

L<X' <2L — ®y(X) = p(X") = =2X + 2L

[0, L] £® ultradiscrete Schréder map :

X, 1‘) 2X,
L 2l | -2x, +2L

IA

IA

S P
IAN A
N~ DI

Xn+1 = Or(X) = L(l -

i~ O

24



Generalized cubic map (1)

v “Generalized cubic map”
2
Zn [k4zi — 6k2z,% + 4k + 1)z, — 3] )
Zin+l = , <p =181 (3nu0ak)
|3k424 — 4k2(K> + 1)z + 6Kz — 1|
X, [k’4xfl — 6k"*x2 — 4(K"* + 1)x, — 3]2 snZ(3"uy; k)
Xn+l = n =

[3k4h + 42 (k2 + 113 + 6k222 1] cn*(3"uo; k)

<n

— , k/2=1_k2,
1 -2z,

Xn

0.8

0.6

0.4

0.2

0.2 0.4 0.6 0.8 1

k=0.
1

o
8
6
4
2

xn:exp[—], k’=exp[—2£€] (L > 0)

ultra-discrete generalized cubic map

X,+1 = X, + 2max(0, X,,,4X,, — 2L) — 2max(0, 3X,, — L,4X,, — 2L) = <

Xn

3X,

-3X, + 2L
3X, — 2L
X

25




Generalized cubic map (2)

v

— 2max(0,3X, — K,4X, — 2L),

X,.| = X, + 2max(0, X,,. 4X, — 2L)
G (X)
k=0.5 =7
10 A1
8 ‘lv
150
6 .
4 a
2 //6.5//1
4 2 1 2 3 1 -/01.5 : 0.5
-2 0.5
-4
IRz, ICHAT 2EREEZEEREEUL ¢ 51%%

20 [K24 - 6222 + 4K + 1)z, - 3]

in+l = >
|3k424 — 4K2(k2 + 1)z + 6k222 — 1|
Z, L
Zn =exp[—], k:exp[——] (L >0)
€ 2€

= lim elogsn*(3"ug; k) =

e—+0

26

X, = L(l - 2‘ ((3"vp)) — % ')

Xni1
. Le——g--T--
/ | | |
/ | | |
: | | |
J | | |
/ | | |
. | | |
’/ , [ [ [
{15 2 23*% : ! :
\7\ / Lozl L X
oy 3 3
\u
JEDIRER: O, FROIERLR:
1.5 K1
1.25
1
0.75
0.5
0.25
-0.5 0.5 1 1.5
.2
-0.




Tropical Jacobian £ @ 3 ZEAE®K

/ ) p 0<p<L J©)
= €
PP -p+2L L<p<2L P

V Oi=pogiop !, ¢3(p)=3pmod2L ZEETT :

X =p (X)) =X,

X" =p3(X)=3X =3X, X,X" eJC)

i 0<X<Z! 0<X'<L — O;(X)=p(X")=X"=3X

T L< X" <2L — O3(X) =pX")=-X"+2L
= -3X+2L X1 @

@ | J(C)
| @3

- >

w L <X<L: 0<X' <L — O3X)=pX")=X"=3X-2L .

[0, L] £®D ultradiscrete generalized cubic map :

3, 0<X,<%
X, = O3(X,) =1 3X,+2L Lt<x<
3X,-2L *<X<L

27



F&H (1)

v Schréder map DBEERUL

o BEEELIC KX D TSchroder map D BREKE & @D 2w ~ T tent map (CFZ1T9 B.

4z,(1 = z,)(1 - kzzn)

Gl ST TRy T sn”(2" o3 1)
A x) (1 +k2x,) _ s Qg k) _ (9500’
" (1 - k222)? " e ug k) \Go(0)d()
$2(0)\" . )
kK = , z= , u =m0
( 193(0)) z =explinv], u=n(93(0))v
X, L 2
w=exp|2t], K =exp|-52|. ©<K<1,L>0) q=expl—i], 6> 0
€ 2€ 6

e — +0: Ultradiscrete Schroder map (tent map on [0, L])

X, X, <0

2X, 0<X,<% 1
Xnt1 = 3 Xn=9(1—2'((2”v(>))——'), 0=L

2X,+2L L£<X,<L 2

2

X, + L L<X,

& EBREFUBIR : BRI - 0 &£ I ETRHIR
28



F&EH (2)

v ultradiscrete Schroder map(& ZD—A&(L) D32 AVARIR
B B EMIRDOBHEUELH 585D ~OE A ILEIRD Jacobian LD (m)ZAEER

sn?(u; k) sn®(u + n; k)
cnZ(u; k)" en?(u + n; k)

[xy — c(x +y) + b]* = 4d*xy, (x,y) = (

max(2X +2Y,C+2X,C+2Y,2L) C:max(2X+2Y,C +2X,C +2Y,

Jacobian: J(C) = R/2LZ
=X+Y+D 2L X +Y + D)

X A

¢(p) =2p (mod 2L), pe J(C): Tropical Jacobian FD{EAE &

p=noul: J(C) — R: PeC DX FEZE u(P) D25

X, = (p o s op_l) (X,): [0,L]_£® ultradiscrete Schréder map (tent map)
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