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Introduction: motion of
planar smooth curves
and mKdV equation



Motion of Planar Curve and mKdV (I): Frenet Frame

- x(s) >
@ Planar curve: §) = ceR
y(s) )
g s : arc-length \/(dx)2+(dy)2 =ds
r——/
y(s) . >
9, - /| — @ @ _ 1
717 \J(ds) +(ds) -

¢ Frenet frame: F(s) = [T(s),N(s)] |T|=|N|=1

T =y 6 =| N(s)
L T / . — _y,(S) —
Vo) =R (5o =] T




Motion of Planar Curve and mKdV (2): Frenet Formula

@ Frenet formula:

%F(s) = F(s) | 2 _()K | K: curvature
N(s)
TP =(T.T)=1—- (T T)+(T,T")=2T,T') =0 T(s)
y(s)
— T =«kN, N’ =—«T for k(s)
O
@ Potential function:
T =y = cos® | Os): turning .angle »
- sinf@ | (potential function) 4 9()5)
;) //_/F_Singq_/ ’r
T'=y"=0] __eN S0 =«




Motion of Planar Curve and mKdV (3): Curve motion

@ Isoperimetric motion:

t : time (deformation parameter) 7y =1v(s,?) etc.

Requirement: |y'|=1 for all t (isoperimetric condition, =N ES
(9 712 ’
—> a—|’)/| =2(v,v) =0
t
v = f(s,)T(s,1) + g(s,)N(s, t)

-y =" —80T + (g + [N

— ff=g«, T,=(@g + )N, N, =-(g + fx)T

4 _ 0 -+
(%F(x,t)—F(x,t)_ o + fx 0




Motion of Planar Curve and mKdV (4): Curve motion

Isoperimetric motion of planar curve:

N(s, t)

0 0
F:[T,N], aF:FU, EF:FV

0 -k _ 0 —(g" + fx) —

U(S,t)=_K 0 | V(S’t):_g'+f,< 0

@ Compatibility condition:  F;=F;

FVU + FU, =FUV+FV, - U, -V, =[UV] —>lk = g + gk + [k,
2

K
In particular, choose : g=—Kks, f= -

(potential) modified KdV equation
3 %

|
Ky =+ EK Ks + Kgss = 0 or 0; + 5(&?)3 + Os5s = 0 k=10



Motion of Planar Curve and mKdV (5): Summary

Isoperimetric motion of planar curve
described by mKdV eq.

9, 0
F=|T,Nl, —F=FU, —F=FV

N(s, 1)

0s ot
0 e ]
K 0 _’

3
K; + EKZKS + K =0 or 0, + %(903 +6,,,=0 K

V(s,t) =

K
2

cf. mKdV hierarchy
f=-Q"%, g=-0 (KQn_lkx) , Q=0+ K+ K0, K

— ki, =-Q"%,, n=1,2,3,...

G. L. Lamb Jr, Phys. Rev. Lett. 37(1976) 235-237
R.E. Goldstein, D.M. Petrich, Phys. Rev. Lett. 67 (1991) 3203-3206
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mKdV and Curve Motion: Exact solutions

€ N-soliton solution to mKdV equation:

AL ) 19 = aple + Bi-pyic
SR |
T = . . . Ui:pis_4p?t+_y
: : . Pi
(N)  £(N) (N) 1
0 A ) VA &= —pis+4pit— —y
Pi
— 1 . —
. 9) | T X = E(logTT )y Ak, Pk € R, ,Bk € V—IR,
= 0g—, VY= *
V-1 T ! (log T—)
- 2V-1 /)y |
8i 20r
: st
or
: 10f
4— b
I 05F
{ T .
1;#..1'.....‘....1....| _05:.
-10 -5 s 5 10 [
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Purpose of this lecture

¢ Formulation of motions of plane discrete curves
preserving integrable structure

equation discrete semi-discrete continuous
curve discrete discrete smooth
motion discrete continuous continuous

schematic
picture




Discrete potential modified KdV equations

. . O — 6"\ by +a, O =0
discrete potential mKdV tan( 1 ]— a— tan( 7

[=Mm+m)d, [=n-—m,
0=a+b, e€e=a-b, 6—0
semi-discrete potential digl — %tan(Hm ;91—1)
mKdV &€

&3
s=le+/, t:—gf, e =0

1
potential mKdV 0, + E(HS)?’ + 045 = 0

R. Hirota, ]. Phys.Soc.)pn.35(1973) 289-294 (semi-discrete)
R. Hirota, ].Phys.Soc.)pn. 67(1998) 2234-2236 (discrete)



Continuous Limits (1)

semi-discrete potential d l 2 (91+1—81_1)

mKdV 74 €

3
s =le+{, t:—%g, e >0 0 _0s0 010 _ 0

O —01  O(s+e,1)—0(s—¢€1) 1

2 &3 2 &3
0+ €6, + Eesﬁ — g5+ | — |0 —€0; + —0Oi — —Osg5 + -+~

4 4 T4 6 2 6
—59 +E—36 +
_2 S 12 AN
X2 Oe1 =011\ _ € 1 L33
j— — — e o o :_S _SSS —_— s o o o
tanx = x + 3 + 15x + —— tan( 1 ) 2@ +(129 +24(9))e +
3
€ 2]€ 1 1
Oy — —6, = = | =05 + | —=045s + —(8,)° | + - -




Continuous Limits (2)

m+1 m m+1 m
Hn-:l _Hn)_ by + ay tan(9n+ _9n+1)

discrete potential mKdV tan( 1

b,, — a, 4

[=Mm+m)d, [=n-—m,
O=a+b, e€e=a-b, 6—0

J+20 4 J+0 J+0 l+0 =0 4 4
tan(@z — 91 ) _ _é tan(el_l — 91+1 ) . tan(gl — 91 ) _ —étan(gl_l — 91+1]

4 € 4 4 € 4
60— do do 5 df X
l l - — _l ¢ o o —_— —_— _l o o o o __l o o o p— — ° o o

1 _4{(91+5d§+ ) (0, 6d§+ )} 2d§+ : tanx = x + 3 +
{+6 =6 4 4
0, -, 0 0_1 0 6do; 6 (91+1 - 91—1)
tan = ——tan —— ==
4 € 4 2dl € 4




Rouch Sketch of
Solitons and Integrable
Systems



Solitons and integrability (1)

@ Solitons: solitary waves with character of particle

Korteweg-de Vries (KdV) equation  y. + 6uu, + i,y = 0

£Z
&
XL
.i,.h

SR

Nonlinearity: 1y, + 6uu, = 0 Dispersion:  Us + Uyyy = 0

Formal solution: wu(x,t) = f(x — 6ut) u(x,t) = ey dk,  w =k

- — 00
1AL

Usr

04

3

02 1




Solitons and integrability (2)

@ Mathematics: miraculous mathematical structure “integrability”
Typical features:

@ Sufficiently (infinitely) many conserved quantities and
(generalized Lie) symmetries

@ Exact solvability by various methods
Inverse scattering method: 1, + 6uu, + i, = 0
auxiliary linear problem: (1) Ly = Ay, L=-08>+u
(2) Y:=ByYy, B=-0>+3u+1)0,

compatibility condition: L;=[B,L] = u;+6uu, +u,, =0
u(x, 0) u(xit)
solve scattering problem for (1) solve inverse scattering problem for (1)
l time evolution according to (2) T
scattering data at t=0 > scattering data at t




Solitons and integrability (3)

@ Wide class of exact solutions with good structure:

Soliton solutions, rational solutions (determinant or pfaffian),

quasi-periodic solutions (theta functions)

Kadomtsev-Petviashvili
(KP) equation

FO g
O g @

FO g M

Oyf © = aych ©

(4u; — 6uny + uyyyx), — 3y, =0
u = 2(10g 7)
GN-1 f(D e fO = are™ + Bret

ONVfD | = prx+ppy+ pit, €= @ex + @y + qit,

N-1 £(1
5x f()

v

0, f(k) _ ai f(k)

N-soliton solution



Solitons and integrability (4)

@ Origin of integrability: Sato Theory (1981)

infinite dimensional space with infinite dimensional symmetry

KP equation (4uy — OUly + Uyry), — 3ty = 0

U = 2(10g T)xx M ) 3
0
M) @ ) = Z axe™, Ok = piX+ pil + pil
f f e f —
0, fM 8. f@ . 9 W l
oo 7 = det (AGP)
ON-L D) gN=1 @) .o GN=1 (W) A = (q; 1)1;11]]\(4 N x M coefficient matrix

O,f0 = RfO, 9,0 =80  ©=dageh - .e™), P=@p

GeGLIN), A—>A"=GA, 7—>detGXT — Aec GM(N, M)

|

Solution space of KP: Universal Grassmannian manifold with GL() symmetry



Brief Introduction to
the Theory of
Integrable Systems
through “Toda Lattice™



Toda Lattice

d*q
Toda Lattice Equation: ——== = %179 _ gdn~9n+1

dt?

Relative displacement: r, = g, — ¢n-1 ¢ |

. ] Y vy _ L @ .
potential energy: d(r) = force: —¢"(r) o g
. . d2qn / /
equation of motion: m = —¢ (rp) + ¢ (rps1)

dr?

1
@ Hooke’s Law: ¢(r) = EKV2 force: —@'(r) = —kr

. . d’qy
equation of motion: d—g = —K(gn = gn-1) + K(@n+1 = qn) = K(@n+1 + qn-1 — 2qn)

@ Toda potential: ¢() = ge_b "+ar a,b>0 force: —¢'(r)=ale™” —1)

a ab

Remark: r~0: @)~ ot 7r2 ~Hooke’s Law

. d2
equa—tI.()n Of m qzn = a I:e_b(Qn_Qn—l) _ e_b(Qn+1_Qn):|
motion: dt




. d?
Toda Lattice Equation: —Z = =179 _ pdn=4n+1
[
d*r
T = =2 = G = s
(d ) )
d? T log(l 4+ Vy) = I = s, 1+V,=e",
ﬁ lOg(l +V) =V + V1 -2V, or - I dq,
no_ In —
\dr Va1 = Va y dt
I,1 I, I,
o—Tm rm.r 'Tﬂ'r ‘Tﬂ'r mm o
P — ::Vn{ = Vi I:: p— ¢ﬁb
° O
( da,
= a,(b, — by1), I g , 1 dg,
S a, = —¢€ , = —
db, 2 2 2 T2 dt
\ = 2(Cln_1 o an)

dt

Variations of Toda Lattice




Properties of Toda Lattice (1)

€ Hamilton system of classical mechanics, with the Hamiltonian

1 a
H — 2 + — e_b(Qn_Qn—l), n = qn, n = m ,

€ In the case of finite system with N particles (e.g. periodic system), there
are N conserved quantities commuting w.r.t. the Poisson bracket.
Namely, it is completely integrable systems, and the initial value problem
can be solved by quadrature.

Liouville-Arnold’s Theorem:

If a Hamilton system with N degrees of freedom possesses N conserved quantities
commuting w.r.t. the Poisson bracket, then the initial value problem is solved by
finite times applications of quadrature, namely,

* arithmetic operations

* differentiation & integration

* taking inverse function

* solving equations without differentiation

@ Examples of completely integrable systems:

@ 2-body problem (Kepler problem)
@ Lagrange’s top, Euler’s top, Kowalevskaya top
@ Toda lattice (M.Toda, 1967)



Properties of Toda Lattice (2)

@ Formulation as the spectral preserving deformation of an
eigenvalue problem of a linear operator (Lax formalism):

dl, d
T Vel T Vi, Elog(l +V)=5L L, n=1,...,N, Iyqa=105L, Vya=V

( [ 1 1+VN\
1+V, g |
1+V, I3 1

LY =AY, L=
1+ Vyo In-q 1
L1 1+ Vyoy Iy )
( 0 1+VN )
1+V; 0
d¥Y 1+ V> 0
~_ —BY, B=
dt .
1+ Vnoo 0
\ 1+ V- 0 ),

L
Y4+ L— = > dt‘P+LB‘P:BL‘P—> E:BL—LB = Toda Lattice




Properties of Toda Lattice (3)

( _ _ ( 2
ddqn — /leq”_q" + leqn_l_qn + @ d qn — eQn—l_Qn _ eQn_Qn+1
! _ dr?
() < —3 eliminate qn(Qn) ———)p ¢
d—n — /leQn_qn + lean_%ﬂl + dz_ - - - _=
\ dt B n — eQn—l_Qn — eQn_Qn+1
2
. dt

Solving (*) for given gn, we obtain another solution g, : Bicklund transformation

Q Example: ¢, =0,4=¢" a=—(e"+¢™")

( _ 1 - —K
0=Ae " 4+ - + ( e . .
_ Xp = —— ———  discrete Riccati eq.
3 — el =X, — e“Xp-1 — (e +e7)
dqg _ | - _ _ . .
d” — Qe I + Z.g‘ln + | X = eKX,% — (" +e )X, + e Riccati eq.
\ 4

K —K

1 + eZK(n— 1)+2p5t¢

B = sinhk = —
. = S1Inn kK =
1 4+ e2kn+2pt p)

@ BT implies rich underlying mathematical structure
@ BT can be formulated as the canonical transformation of the Hamilton system



Construction of solutions: Hirota method (1)

travelling wave solution 1+ e2k(n=1)+2p1

(1-soliton solution) " = "1 4 gzene2pr

Tn—1

or qn =1log
Tn Tn

eQH —

2 2 2
d qn — eQn—l_Qn eQn_QnH — d lOgT d logT _ Tn-2Tn Tn-1Tn+1
= - %) -1~ 55 n = —
dt* dr? dr? 2 72

n—1

d? T T d? Thn-1Tn+1 7 2
— ﬁ 10g Tp—1 — n2 e dt2 log Tn — & 2n+ = f(f) — T,//L,Tn — T, = Tp-1Tp+1 — f(t) T, (**)
T

n—1 n

@ Hirota’s bilinear differential operator (D-operator)
DD/ f - g = (0x = 0x)" (0, = 0r)" f(x,0)g(x", 1)

x=x’,t=t

D.f-g=fx&— f&x D)ch 8= fix8& =2/ 8xt+ [8xx» DiD:if -8 = fu8 — Jx& — [fi&x + [&x» €LC.

“Bilinear equation (form)”

1 2
Tn Tn = Tp+1Typ-1 — f(t) T% of Toda lattice

() —> B5L

2 4

T, . tau function



Construction of solutions: Hirota method (2)

dzqn — ,4n-1—"Yn dn—4n+1 = 1 Tl/l—l 1 P =< 2
TR - e Ui = Lol ey EDt 1w U o W Pt = A 1
n

DDy f - g = (0x — 0x)" (0r — 0r)" [, )8(X, 1)

e

@ Properties of D-operator:
e

Bilinearity: DD; (af +bg)-h=aD D} f-h+bDID; g-h
Exchange rule: DYD; f-g=(-1)""D¢D}g-f

constant argument: DD} f -1 =070, f

Rule for exponential fns.  DYD] e ™. P % = (p) — py)"(q1 — ga)" &P P*HD*R)

5

@ Construction of soliton solutions

=
@ qn = 0is a solution. Correspondingly, T» = | is a solution (f(t)=1).

@ Apply perturabational technique to T, = |. Namely, assume the expansion
T,=1l+efV+€fPD 10 4.
and plug it in the bilinear equation. Solve the equations obtained from coefficients

of € from the lower order. Stop this process at appropriate order and we have an

| approximate solution. ‘



Construction of solutions: Hirota method (3)

|
[ S D7 T T = Tt T — T Tn=1+6f,§”+62f,§2)+63f,§3)+~-]

|
D (1+efD+ @2+ E10) - (14 efV + €7+ E10)

(1) 2 A(2) 3 (3) (1) 2 A2) 3 (3) | 2 A2 3 +(3))\2
(1+Ef +Efn+1+6fn+1)(1+6fn_1+6fn_l+Efn_1)—(1+6fr§)+6frg)+6f,,g))

0@: A= A A -2
0(62) : frEZ)N _frfi)l f(2) + 2f(2) — D2 f(l) f(l) +f(1) (1) f(1)2

" 3 3 1) A2 2) 1
o) : S I A I A YA Y\

@ l=soliton solution: WM =¢"  pn = Pin+ Ot (+const.)
P
O): Qj=e"+ef -2 (eP21 —e‘PTl) — 0 —+2s1nh7

1 2 (1 1 1 1 1)2
—=D; iV S0+ AL - P2 =0

0(62) : fn(Z)N f(2) f(2) 12 f(2) — ;

n+1

— \\e can choose f,,fz) = (. Similarly, we have f,,fk) =0 (k=3,4,...))
—_—3 Perturbation is truncated! We have an EXACT solution!



Construction of solutions: Hirota method (4)

: : ., P
| -soliton solution: T, =1+¢€", n =Pn+2sinh 71t

¢ 2-soliton solution: D= 4”2 p = P+ Q;t (+const.)

0@: S =g+ 0 20— Q= #2sinh 2!

n+1

0(62) : f7§2)” _f(2) f(2) + 2f(2) — D2 f(l) f(l) +f(1) (1) f(1)2

n+1

— _lth (@M + €P) - (e + ™) + (8771+P1 n eﬂ2+P2) (eﬂl—P1 n eﬂz—Pz) — (€M + eﬂz)z

2
— _th 6771 . 6772 + eT]1+772+p1—p2 + en1+772—p1+p2 . 2€n1+7]2
Py -P Pi—P, \2 P P P P P P Pi—Py \2
— _(Ql — Q2)26771+772 + (8 12 : —e 12 2) 6771"'772 — —(871 — 6_71)(672 — e_%)(e% —_ e_%) 8771"'772

P1+Py P1+Py

Put £ = Aeh*r
2
LHS = A12(Q1 + Qz)zemﬂh — A12 (e 2 —e 2 ) 6771'”72

2
Pl Pl P2 P2 P1+P2 P1+P2
= —Ap (67 —6_7)(67 —6_7)(6 T —e 1 ) enm

P{-P PPy \2 ) _ 2

A e 14 2 _ e 14 : sinh —P14P2
12 = P1+P2 P1+P = . P +P
e 4 —e 4 : sinh %




Construction of solutions: Hirota method (5)

. P
frgl) = el + 6772, fleZ) — A126n1+772, i = Pin + Qita Qi = +2sinh ?l

3y . 3 3 3 3) _ 2 (1 2 D 2 2) g1 1) £(2
OE): [ =Ly =80+ 207 = =DL iV 52+ L0020 + LALh = 26067

— _th (€ + ™) cApehte 4 (6771+P1 + 6772+P2) A126U1+772—P1—P2 + (6771—1’1 + e’lz—Pz) A126ﬂ1+772+P1+P2

_2(6771 _|_e772) A12€m+n2

| st term of RHS:
th (M + ™) - et — th e . eM*m 4 th e . M*m — [0 — (0 + Q2)]2 et 4 (0> — (O + Q2)]2 o+

— N2 2n+ 2 +2
_Qzefh 772+Qle771 p)

2 2+ 2 m+2n 2 )’ 2n1+m2 1 _ny? n+2m
RHS: A |- 2 — Q7 M 4 eT —e" 7] e +le?2 —e 2] e =0

=3 VVe can choose ff) = (. Similarly, we have f,,f") =0 (k=4,5,...))

= Perturbation is truncated again! We have EXACT 2-soliton solution!

4

sinh £t

. _p.\2
Smhu)

. . Ub)
2-soliton solution: T2 =1+e" +e? + Ape™™", Ap = (
4




Determinant Structure of T Function (1)

THr=14+e"+e" + A",
2-soliton solution: N N sinh 2222 2
ni=Pnt(e? —e 2)t+no, An —[ — 7 )
sinh 14 2
bi ~1 1 — D2
Let pl = e 2 ) e’?z — pZZn (pl )f+77zo, A12 — ( p p )
pip2—1
@ Determinant formula for 2-soliton solution:
(D) (D)
©n @ 1 , , . 1 n;
Tp < AR 90,(;) =e +e ¥, e = pi eV i e?
(2) (2)
Pn Pnri
S+ 76 D1 A+ L o6 1 | | |
i =(P2=p) e+ (= —p) T+ (- —) e 4 (— = —) e
e + e py et + PS e % P2 P1 P2 D1
1 1 1 — -1
(et |y LI ey P12 DD ez‘fl*z&] (1= p1p)p1 o, %
P2 Pi1 (- e — e,
P1— DP2)

(P1— p2) (P1— p2) l

-1
P2 = Dp2 e | 2,

2
= [ +e* +e* ¢ ( P1 le) g% 1722 (p1 = P2)
Pip2 —




Determinant Structure of T Function (2)

Q@ Determinant formula for N-soliton solution:

(1) (1) (1)
Pn @1 PN
2) 2) (2) () _ & —&i
¢ : - Pn Prri CreN n € e,
T function: = . : .
& o — p? e%(l?i—p%.)ﬁfio
(N) (N) (N)
@n 2 PN
. . | )
Bilinear equation: EDt Ty Tn = TpeiTnel — T,
. Th_
Dependent variable g, = log =~
transformation: Tn
dzqn

Toda lattice equation: = @179 _ dn~qn+

dt?



Two-dimensional Toda Lattice (1)

. . . 2
Two-dimensional Toda Lattice 0°q — pn1=Gn _ pn=Gns

Equation: 0x0y
2
a rn — ern+1 + ern—l _ zern
0x0y a
o> a log(l + V) =1, — I,
108(1 + V)=V + V1 =2V, or
0x0y ol,
(9_ =V,a1 = Va
. 0Y
i . 1 2
Bilinear equation: liDy TnTn = Tps1Tn-1 — Ty,
G, = lOg Tn-1 ry = qy — q _ lOg Th+1Tn-1
Dependent variable ! T, A 2
. : n n— a n a n—
transformation: 4y, = ooty Odn O T
T2 ox  0x Ty
. . . Oqn
@ Relation to Toda lattice: t = x+y, s = x-y and impose ;S =0
2 2 2 2
a qn — eqn—l_Qn _ eQn_QrHI > (82 _ 6_2) q — eQn—l_Qn _ eQn_q;Hl N d qzn — eQn—l_Qn _ eQn_Qn+1
0x0y o2 o0s2]™ dt



Two-dimensional Toda Lattice (2)

Q@ Theorem:

The following Casorati determinant

(1) (1) (1)
$n Pnri PriN-1
(2) (2) (2)
Pn Pt PrnrN-1
Th = : : :
(N) (N) (N)
$n Pri PriN-1
590;(? _ ) 590;(11) ()
Ox n+1° ay = %
satisfies the bilinear equation
1 2
EDny Tn " Tn = Tn+1Tp—1 — Ty,
€ Remark:
@y = pexp (pix ~ ﬁ * mo) t q; €Xp (qix —— &o) —> N-soliton solution



Bilinear equation as Plucker relation (1)

¢ Step I: derivative of T = determinant with shifted columns

Freeman-Nimmo’s notation:

(D) (D (D ( 90(1). \

$n Por1 7 Puan-i n+j
(2) (2) (2) (2)
O’ Bt T Pran | e
= " =101,  N=2,N=1|, j=| "7
(N) (N) (N) (N)
Pn 90n+1 o 90n+N—1 \ 90n+j y

25
Proposition (differential formula)

Tn:|0719°°°9N_29N_1| axTn:|0919'°'aN_29N|
tir =L N=2N-1,N| —dy7,=|-1.1,--- N=2,N—1|

T =|-1,0,1--- ,N=2|  —(80y+1)7y=|-1L1--- ,N=2,N|
S EEEEEEEEEEEEE———————————————.




Bilinear equation as Plucker relation (2)

)
@ Verification: Left formulas are trivial. Noticing %ﬂ = o
X
0,1, =01, N-2,N-1|+---+|0,1,--- N=2,N-1|+]|0,1,--- N-2N-1
=11, ,N=2,N=1]+--+]0,1,--- ,N=1,N—1[+]0,1,--- ,N=2,N |

— |0919 aN_ZaNl

o . A .
Similarly, noticing = _ _90(111

ady
o1, =|0,1,--- N-=2,N-1|+|0,1,--- N-=2,N-1|+---+|0,1,--- N=-2,N-1
=—|-1,1,--- N-2N-1]|-/0,0,--- N-2,N=1|----—|0,1,--- ,N—=2,N — 2|
=—|-1,1,--- , N-2,N—1|
0,0,T, =—| -1,1,--- N=2,N-1|-| -1,1",--- N=-2N-1|+--+| =L1,--- N=-2,N=-1

:_|0717 7N_29N_1|_| _1’1’... ’N_2’N|
= —Tn—| —1,1,"',N_27N|




Bilinear equation as Plucker relation (3)

@ Step 2: Bilinear equation = identity of determinant (Pliicker relation)

0 ZEDnyTn Ty — Tne1Tno1 + T% = (6x(9y7'n) T, — (0,75) (8y‘rn) — Tpe1Tno1 + T,%

(10,1 N2 N=1]=| L1+ N=2N[}x|0.1-- ,N=2,N -1

_10.1,--- ,N—2,N|><(—| 1.1, ,N—2,N—1|)

~11,2,--- . N=1,N|x| -1,0,1,--- ,N=2]
+101,--- N=2N—-1[x|0.1,--- . N=2,N—1|

=-|-1,0,1,--- N=-2|x|1,2,--- , N=1,N|
+-1,1,--- , N=-2,N-1|%x|0,1,--- N=2,N|
- -1,1,--- , N=-2,N[x]|0,1,--- N=-2,N—-1|

Bilinear Equation: 0= |[-1,0,1,--- ,N =2 X |- ,N=2,N—-1,N|
+ |0,1,--- N=-2N-1| x |-1L1,--- ,N=2,N|
— 101, N=2.N| $ |11, N=2,N—1]




Bilinear equation as Plucker relation (4)

@ Proposition: Laplace expansion of determinant
A= (aijh<ij<v N x N matrix

A2 :{ x { minor determinant obtained by choosing iy, i>...,i-
S th rows and j,j2,...,j--th columns from A

m;z;z;ﬂ : (N-0)x (N-¢) minor determinant obtained by removing

i1,i2...,it-th rows and jj,jz,...,j-th columns from A

Fix £ integers iy, iz...,it such that 1 <i; <i, <--- <i; <N Then we have:

—iiiyl

Al = (=1 N (AR (AT

J1J2Ji

I<ji<-<jisN

@ Example: (= 1,i=1. A} =ay,
- —1
1 , .
Al = Z (=) ay;, x1A]; = Z aij, XAy, Ay, (l,ji)-cofactor
1<j1<N 1<j1<N

—> Expansion w.r.t. I st row



Bilinear equation as Plucker relation (5)

Consider the following identity of 2N x 2N determinant:

T T

| I
o 0|1 --- N=2| -1 —-(N=-2) | 0O )
RHS=|—"{ """~ s LT
-1 ) | 1 --- N-=2 "N-1 N
@ 0 1 N-2 Y g @
| -1 7 1 N-2 N-1 N

Now apply the Laplace expansion with (=N, i;=1,...,ix=N. Since the
upper block contains N+| empty columns, all the terms in the
expansion are 0.



Bilinear equation as Plucker relation (6)

0=

Apply the Laplace expansion to RHS directly: Plucker relation (simplest case)

0= |-1,0,1,--- ,N=2] x |1,--- ,N=2,N—1,N|
+ 10,1,--- N-2N—-1| x |-1,1,---,N=2,N| —> Bilinear equation
- 10,1,--- ,N=2,N| x |-1,1,--- , N=2,N—1|
Bilinear equation of 2DTL = Plucker relation
@ ‘70;(11+)1 ‘70;(1143N—1
o -1
Ty = . . . 1
—_— _Dny Tn " Tn = Tn+1Tp—1 — T;%
N) (N (N) 2
@n 90n+1 90n+N—1
5’90;(ai) (i) 590;(;) (i)
W = n+1° (9_}7 = _Spn—l




Essential Structure of Integrable Systems

@ Infinite number of Pliicker relations
@ Distinguished column vectors -1, 0, N-1,N can be arbitrary

@ Number of distinguished column vectors is arbitrary (more than 4)

@ Diffrential/difference structure:
With appropriate differential/difference structure in T, any determinant with
arbitrary shift can be obtained by applying suitable differential operator to T.

Example: introduce an infinite number of independent variables x;y; (j=1,2,...) such
P (1) _ p () _

that Tn_ — (’0(1) . T¥n_ = —(,p(l) .
(9Xj Lk Gyj ey

¢ Infinite number of Pliicker relations
= Infinite number of bilinear equations sharing common solutions

(with the above differential/difference structure) “2DTL hierarchy”
(with x; or y; only) “KP hierarchy”

Sato Theory:
@ Solution space of soliton equations is the universal Grassmann manifold
@ T functions are the Pliicker coordinates.




Reductions (1)

@ Reduction: Procedure to yield a new equation by restricting the
solution space (parameters of solutions)

, 0
¢ 2DTL — IDTL: Putt = x+y,s = x-y and impose % =0
2 2 2 2
a qn — eQn—l_Qn _ eQn_Qn+1 5 a _ a qn — eQn—l_Qn _ eQn_CIrHl d qn — eQn—l_Qn _ eQn_Qn+1
0x0y o> ds? dr?

€ 2DTL — sinh-Gordon: impose 2-periodicity  gu+2 = qn

(2
0”90 _ o190 _ p90—a1 )
0x0y 0°v vy
52 ? =2(e" =€), vi=qo—q
q1 _ p90—01 _ p01=40 0xdy
| 0x0y

2
(9 Qn — eqn_l—qn _ eQn_Qn+1 —
0x0y

9%y
= —4 sinhv
0x0y

—

0’0
= —4 Sin H
0x0y

sinh-Gordon equation

sine-Gordon equation v = V-16¢€ V-IR



Reductions (2)

dq

@ 2DTL — IDTL: Impose restriction on T function to realize 6_: =0
Tp OsTu_1  O,T
=log 2~ = §,g,= -2 _Z"-0 = |8,r,=const XT,
Tn Th-1 Tn

Soliton solution: 7, = det (90n+ j_l)i =1

) ) _ 2
o = preP i 4+ gl = pt eXp[

o e |3lam )i gla ) e
+—q,-+—ql.exp—q,-——t+—q,-+—socgon
2 : 2 q;

1 1 o 1y
- pi+—=q¢+— — (Pi—%)(l— ):0 — | ¢i=—, 5s90§f):—(191 )90;(1)
Di P Di 2 Di




Reductions (3)

N
1 1
t=x+y, s=x-Yy, ¢q=—, 0s7,=CpNTy, CN:ZE(pi_I__)

! i=1

2DTL  (8:0y7) 70 = (Bu7) (0yTn) = Tur1Tact = 75

LHS = (07 = 87) 74 X Ty = (8, = 0) Tu X (8, + 0,) Ty = (67 = C}) T X Tw = (8 = CN) Tu X (8, + CN) T,

(8?7},) 7, — (0,1, = (8?7‘,1) Ty — (0iTn)* = Ty Tuo — 72| 1DTL!

¢ Bilinear equation and T function for IDTL:
%D? Ty T = Tl Tnel = T,
@ 90;1421 901(1131\7—1
- 90’?2) 90,(;)1 90;23.1\7—1 o0 = eé(pi_l}i)m,-o b e-g(p,-—pii)+§i0
o Pt e




Discretization
Preserving Integrability



Discretization preserving integrability (1)

@ Basic idea: the logistic equation

d
o au(l — un),

dt

U = :
1 +Ce

a>0

1 Czl—u(O)

u(0)

Q@ Three discretizations

Un+1 — Uy

h

12}
10}
08}
06}

04l

= auy(1 — uy,)

020 v

Un+1 — Up—1

15

05l &
¥

2h

S
)

= au,(1 — uy,)

logistic map: chaotic
Vel = av,(1 —vy,)

—05.

chaotic

10 15 20 25 30
Up+1 — Uy
= au,(1 — uyy1)
1OF e e s s e o o o o o o
0.8;
0.6;
s 0 15 200 s w0

o © :: M
o o ° .‘: e o: ° :
K . $ . s . 04}
f .. ° .. ° .o [ o
00 TR R | .‘ ., Lo e [
L 5 K 10 15 S 20 25 30 r
L o ° o o : 02— .
° ° ° L
... .... .'. "

“integrable”



Discretization preserving integrability (2)

@ Logistic equation Q Discrete logistic equation
du
— =au(l —u
- ( )
dependent ye Jn = -~ - I
variable L+f o
transformation f= 1 1 T
df l fn _hfn_l = —afn
lineareq. — —= — — _
i =~ fu=(L+ah) fi
solution f = Ce ¥ D E— fn=Cd +ah)™



Discretization preserving integrability (3)

@ Burgers equation @ discrete Burgers equation
1-2 1
U, = Ull, + Vil vt 1+ 5r U+ UL

r 1-2 1
l U, 1+ v+ Lul Ul
Cole-Hopf TF "

ole-Hop ! = n+
transformation 2v (log f )x n =7 F!

| T

Ff'-F, F -2F,+F,
diffusion eq. fr = V/fux — s 7 2
o)
F''=a(F'  +F_)+(-2a)F, a= =

: 1

N
Shock _ xX+vplt+ r_ n+wyt+
f =1+ epk Ptk Fn -1+ ek kI
wave sol. P

M=

i
ok

wy = log|l +a(e? —2 + e %)



Discretization preserving integrability (4)

@ Two-dimensional Toda lattice

o°r,
0x0y

— erl’l+1

dependent l

variable

transformation

Bilinear equation of Hirota type

A

r, _ In+l1Tn-1

€

l

2
T

— 2
TnxyTn — TnxTny = Tn+1Tn-1 — /lTn
T function (1{ " "
n fn+1 n fn+N—1
(2) (2) (2)
n fn+1 T fn+N—1
T, = .
(N) (N) (N)
n fn+1 T fn+N—1
Ofn o ) af b
Ox - fn+1’ ay - _fn+1

A ARy (L,m) =F, . (I+1,m)+ F,_1(I,m+ 1)
—F,(l+1,m)—F,(I,m+1)

F,(l,m) = % log [1 + abeR”(l’m)]

Tpe1(U+ 1, m)t, 1 (I,m + 1)
.0+ 1, m)t,(,m+1)

1

(1+ab)r,(l+1,m+ Dr,(,m)—1,(l+ 1, m)t,([,m+ 1)
=abt, . (l+1,m)7t,1(ILm+1)

Ru(lm) _

e

(1) (1) (1)

n fn+1 T fn+N—1

2) 2) 2)

n fn+1 SRR AV
Tn(l, m) —

(N) (N) (N)

h fn+1 o fn+N—

AMfOAmy = £ @ m), At m) = 2 (1, m)




Discretization of 2DTL (1)

T function of 2DTL 7. =

Bilinear equation TnxyTn —

)

n

2)

n

(N)
n

@ Discretize on the level of linear equation
@ Preserve the determinant structure

£ my £ (1, m)
£20my 2, m)

T,(l,m) =

fé”(z m) f< (1, m)

frf-li-)l frgr)N—l
2o e | [ e o .
. Ox _ fn+1’ 0—y o _fn+1
PR
_ 2
TnxTny = Tnel1Tn—1 — Ty,
Frino (-m) Dtm) = (20 -1m) g
(2) fn l(l m)
f+N_1(l7 m) a
: fidm) = P m=1) o
Fron1 (s m)

l Plucker relation + difference formula

Bilinear equation

(1+ab)r,(l+1,m+ Dr,(,m)—7,(+ 1, m)T,(,Lm+ 1)
=abt, . (l+1,m)T1,.1(Lm+1)




Discretization of 2DTL (2)

2 (bm) o @m) e f ) FO0m - fOU-1m)
AUmy fPamy - 2 m) . = St (1)
Tall,m) = (0 ()
. ) . fn (I,M)—fn (l,m—l) __f(i) (l m)
-1\
Gmy fNOamy o Y Gm) b
(i dm)
f,ﬁ)j(l, m) Jur=Jita-(G+1;51)

_ 1, ... N=2, N - P = : : :
0}51, X , N nlz’N 1’111 , J Jusl = Jm+b -G =1,11)

L fDdm)

%
Proposition (difference formula)
Tn(lam) :|0a1, ,N—Z,N—ll Tn(l>m+ 1) — |0m+191a'°' aN_ZaN_ll
Tn(l+ lam) :l()ala 7N_2aN_ll+1 | _an(l9m+ 1) — | 1m+191,"' ,N_Z,N_ll

aTI’l(Z+ lam)zloala 7N_2’N_21+1 | (1+ab)Tl’l(l+ 19m+ 1) :|0m+191,.°° 9N_2’N_11+1|
¥




Discretization of 2DTL (3)

om) = 10,1, ,N=2,N=1], I =/ra U+l
Jm+1 :]m+b-(]—1m+1)

@ Verification of difference formula:
T,(,m) =0y, gy, -  JN=21 , N=1p41 | =10+ a(lp31), 1pg1, - N =201, N =141 |
=10, 150, ,N=204, N= 11y | =---=10,1,--- N=-2,N -1,

aTn(l_l_lam): 0319“°9N_29a(N_11+1)|:|0917'°°aN_ZaN_21+1_N_2|
— 0917°“9N_29N_2[+1|
@ Pliicker relation — Bilinear equation

0= Om+190919°'°9N_2| X 17°°°9N_29N_19N_ll+1|
+ O,l,,N—Z,N_ll X Om+1,17°'°3N_2aN_11+1|

_ 0919.'°3N_25N_1l+1| Om+1717°°'9N_29N_1|

f “
0= -br,1(ILm+1) at,+1(l+ 1,m)

X

X
+  T1,(,m) X (I+ab)r,(l+1,m+1)
X

— 1,(l+1,m) T,(Lm+1)




Discretization of 2DTL (4)

1
¢ Discrete 2DTL  F,(l,m) = —-log 1+ abeRtm)]

A+ZA+mRn(la m) :Fn+1(l + lam) + Fn—l(lam + 1) _ Fn(l + lam) _ Fn(lam + 1)

Ry _ Tont U+ 1,7y (Lm + 1)
Tn(l + la m)Tn(l,m + 1)

@ Solution: . 7,(1,m) = det £, m))

i,j=1,..N

(i) oy | (i gy |
fn (lam) fn (l l,m) =fr§21(l,m), fn (lam) fn (lam 1) _ _frgl_)l(l,m)

a b

- b\™" b\ ™" : :
O, m) = a;p! (1 —ap;)™ (1 — —_) +Biq! (1 —ag)™ (1 = q_) ——> N-soliton solution

@ Remark:

@ Lattice interval can be generalized to arbitrary function in corresponding

independent variable,i.e.,, a = a; b = bn
[-1

) = 1 b o b,u
1 - i) = I - vPi) 1 - — — I - —
(1 -api) U( a,pi) ( pi) ]_[( p,-)

u

@ Discrete IDTL is obtained by imposing 7,(I + 1,m + 1) = 7,(, m)

and killing m-dependence, which is realized by putting ¢: = %

[



Motion of Planar
Discrete Curves
described by Discrete
mKdV Equations



Discrete potential mKdV (1)

@ Solution:

2 (o
o = log —
V-1 T'n
) @ @ ; l
0 1 N-1 l s — —m
n,m)=cqa; p: (1 —ap;))"(1 —bp;
o o o fs'(n,m) = a; p; (1 —ap;)~(1 —bp;)
|0 V-l +Bi (=p)* (L +ap)™ (1 + bp)™
N N N /
é ) 1( b Igf—)l Pi,» & S Ra ﬁi S —1IR
@ Bilinear equation:
me*ZlHTZLH - anT*ZiHTZHI + (an — bm)T*ZTllTZl =0

~—



Discrete potential mKdV (2)

@ Hirota-Miwa equation
(@ master equation in discrete integrable systems)

1 1 1
b (s + DT () — an T (s + DT () + (a, — b)) (s + D70 (s) = 0
@ Solution:
D A D l. l.
s Jor Jsin-1 O, m) - fPm -1, m) D ()
S i
Ty (8) = (0 (i
: : f Gm) = Js (nm = 1) = £, (n,m)
N) (V) N) b1 s
s fs+1 SRR

9 = pia; p> (1 —ap)™'(A = bp)™ +Bi ¢ (1 —ag)™'(1 — bg)™

@ Reduction condition: 77(s + 1) = const. X 7*"(s)
realized by putting ¢, = -pi, pi, ;i €R, Bie V-1R
£ = pii p} (1= ap)™ (1 = bp)™ = pi; (=pi)* (1 +ap)™(1 + bp)™
= pi|ai p! (1 —ap)™'(1 = bp)™ = B; (=pi)* (1 +ap)™' (1 + bp) ™|
= Di (fs(i))*



Discrete potential mKdV (3)

xm+1 __m 377} m+1 xm+1 __m
bt T —anT T, t @y —by)t T, =0

divide by 7, 7!

m m+1 7_>x<m+1 m m

T T T T m
n+1 T n T n+1T n n
xm+1 _-m
1/ m 1/ m+1 T +1 T
SN b 9 1/2 6’ /2 _(an . bn) n
>x<m+1T>x<
n n+1
complex conjugate
+1
N=1gm 2 x/ 10" 2 T Ty
—> | b,e 7 ! = —(a, — bn)
T*m+lT>x<
n n+l
V-10m+1/2 x/_e /2 i
be L= ey discrete

b,e v=16m /2 _ ane«/—_le,';@“/z medV



Motion of discrete curves and preceding works

@ Purpose: formulation of discrete motions of plane
discrete curves described by discrete mKdyV.

¢ Preceding works

@ Curves and solitons

Hasimoto (1972):Vortex filament and NLS
Lamb (1976): space curve and NLS, mKdV
Goldstein-Petrich (1991): planar curve and mKdV

@ Continuous motion of discrete curves
Hisakado-Nakayama-Wadati (1995): a semi-discrete mKdV
Doliwa-Santini (1995): dynamics on 3-sphere (R=I/\, A—0: plane curve)
Hoffmann-Kutz (2004): semi-discrete mKdV
Pinkall-Springborn-Weissmann (2007): discrete NLS

@ Discrete motion of discrete curves
Doliwa-Santini (1999): discrete sine-Gordon on 3-sphere
Fujioka-Kurose(2007): discrete Burgers on complex hyperbola
Inoguchi-K-Matsuura-Ohta (2010) : discrete mKdV on Euclidean plane



Discrete motion of planar discrete curve (1)

, , cos 6
¢ Smooth curve: =1 vy :l <in 0
3
0 ’r _ 0 —K ’ 0 ’r _ 0 Kss"'% /
&7 « 0 Y E?’ = 3 Y
Kgg E 0

@ Discrete curve:

Def. v: Z— RZ; n — ¥y planar discrete curve «<— %Hla_ In
n
Yol = ¥Yn | cos¥,
a, B i Sin \{"n |
—a, ¥, : turning angle
@ Discrete Frenet formula
Yo+l — Vn Vn — Vn-1 | COS K, —sink, ﬂ
p— R — .
a, (Kx) a,.1 R(K») sinK, cosK,




Discrete motion of planar discrete curve (2)

@ Discrete Frenet formula:

Yo+l — Yn _ Yn — Vn-1 _ COS Kn — sin Kn
a, R(Ks) a,_1 R(K») = sinkK,, coskK,
@ Discrete motion: m
/)/ 1 m+1
1 n Y
m m

i Y gy Yaet Z Vi ‘.. i

b, a, Y+l

ady—1

—’
—’
-

Q@ Compatibility + isoperimetricity

veoo T an
. . YZHl . ?/Zfl+1
O™ = ("), [P
m m m m Wi + K. b + an W,
— Kn - Kn+1 - Wn+1 - Wn—l’ tan( + 7 +1) = bm —a, tan >
@ Potential function and discrete potential mKdV:

1 i m

w" = HZH_ B HIT+1 KM = HIT+1 - 9}?—1 P — 6’1"‘1 + H”
m 9) ? n 2 " 2

m+1 m +1

— tan et ~ O _ Dmay tan ST
4 b, — a, 4



Explicit formula

@ Explicit formula for y” ¢ R* in terms of T function

Yort ~Yn _ g (9211 - 9?5_1) Vi = Yo A R(HZ’“ - 0;111) Yol =V
1 1
tan Ot — O _ bntan tan O = O
4 b, — ay, 4

Proposition Let 7, be a solution to the following bilinear equations:
xm+1__m xm _m+1 «xm+1__m __
biT n Tnel —nT Ty T (an — bn)T n+l tn = 0
D m m _ * 1 * M D m+l  _m _ —b xm+1 _xm
)’Tn+1 Ty = anTn+1Tn’ )’Tn Ty = mUpn T g
Then,
(1 m_xmy )
. ) T,T . _5 (lOg T, T n)y
O = —1 log T In = 1 (log TZz)
\ 2V-1 L




Discrete Motion of Planar Discrete Curve (4)

n—1 m—1
O =aipier” | | =aypn™ | [ =bupy™ +Bi=p)
[ [

T = e (B atX"b))y ey (f](l_)l)

1

i,j=1,...N

n—1

e [ Ja+apy™ [ ]+ biupy™




Continuous motion of discrete curve (1)

@ Edge tangential flow of discrete curve

A.Doliwa and PM. Santini (1994), T. Hoffmann and N. Kutz (2004)

Yi+1 — Y Yi—Yi-1
-------------------- Vit = = R(K))
Yi-1 § € €
" Edge tangential vector
RN [+1 — )JVI-1
Ah)/l = 2€ i 14 >
Vi | Vi1 = il
: . d — Vi_
Edge tangential flow: T oAy, = 2eq XL Y 2
Yi+1 d{ ” Yi+1 — YZ—lll
lyie1 — vi-1ll = 2ecos %’ Yi+1 — Yi-1 = 2¢€08 % R(—%) (Yi+1 — Y1)

!

dyp @ R(_Kz) Y+l = Vi
d{  cos 3. 2 €




Continuous motion of discrete curve (2)

Yi+1 — Vi - R(K)) Yi—Yi-1
€ €
@: a R(—&) Yi+1 — Vi
d{  cosk 2 €

Yi+1 — Vi cos 'Y,
€ sin “Pl

@ Compatibility : semi-discrete potential mKdV

0,.1+06 6.1 — 0,
LP[Z l+12 l, Kl: l+12 [—1

] 2. Ki_ db de; 2 1+62 ¢ )
= == — e — K | (K41 — K-
l i€ 2 dl S bl e




Continuous motion of discrete curve (3)

@ Soliton solutions

1 2 2 1 — : _ .
o) AT R P = aipl (1 —ep)7lem + Bi(—p)'(1 + epy) e,
@ @ )
_ e fe i 1 i 1
Ti(83y) = ¢! el O 1. N 1 i = S+ =Y, é - = S— —Y,
: SRR ; R Ezpl-z Di l 1 - 6219,2 Di
N) (V) (V)
0 1 N-1 q;, piER, ,8,'6 V—1R
1
, ~3 (log T, )y
0 = log -+, =
v T 1 (1 T’)
Og —
2V-1\ "7/
@ Bilinear equations
@ semi-discrete mKdV @ motion of curves
DT'T*ZL(T* T — T T ) 1 2 * %
HRE D P S A EDsDy T =T =TT

1
* %k %k k k
T =5 (71_17'1+1 + T,+1Tz—1) Dy Ty -7 = €T11T] — €T, T,



Discrete &/ semi-discrete &l\f Continuous

(—/

_ O
= ey = TN

@ Isoperimetric motions are described by potential mKdV equations

9m+1 . QZL b + HZ’HI —gn
@ Discrete: tan( ”*14 ): b: _Z: tan( 1 ””)
,yZl o ym HZQ + Hm m m m m
arg + = +l - s dp = |7’n+1 — Vn |a bm = b/n+1 — YHl
a, 2
d 2 Or1 — 011
Q@ Semi-discrete: —0,= - tan( )
Se screte i 1= - 1
Yie1 =Y O + 6 B
arg = , €=y =il

€ 2
1
@ Continuous: 6, + 5<0S)3 +0,, =0 argy =6



Motion of Space Curves
described by mKdV

Equations (optional)



Motion of smooth space curves

s arc-length [y'| =1 tangentvector 7' := Y’

parametrized

M w ,

normal vector N := — bpinormal vector B := T X N

T
Frenet frame F:=(T,N,B)

@ Frenet-Serret formula:

0O —« 0
F'=F| k 0 A
0O -4 0

curvature K = |T”] torsion A=—(N,B")



Space discrete curve (1)

: t t Y1 =Y
€ = [Yi+1 — Vi anseEnt Ty =

// vector El
binormal o Iy X T
B, := normal A1 .— B % T,
vector T;-1 XT)| vector

or, we may define as
_ AL — (AT, IpT, AT, = T, — T
AT, — (AT;, TTy| gt

B; =1, X N;

Nli

Crucial point of the above definition is to choose as

N; € span {1}, T; 1}

Frenet frame: F; := (T}, N;, B))



Space discrete curve (2)

F,=(T,, N, B)., B Lo Xt g
1 = (1, IV}, by), | = , | = Dj l
| T7-1 X T |
@ Discrete Frenet-Serret formula:
(cosk; sink; 0)(1 0 0
Fi_1 = F;|—sink; cosk; O]|0 cosAd; —sinA;
. 0 0 1J\O sind; cos A4,

(T, T)—1) = cosky,

(Bj, Bi_1) = cos 4,

(Bi, Ni_1) = sin 4,

\\ Nl_]_
\




Motion of space curves

@ Smooth curve:

v =vy(s,t) torsion A = const.

2 S~ —
Motion: Yy = (% — 3/12) T + &N —2A«B
e —
3 W
—> mKdV: k=kK"+ §K2K, 2o ] ) ?

@ continuous motion of discrete curve:

Y1 = Yi({) € = |yir1 — il = const., A; = £(B, Bi—1) = const.

K , K
Motion: 7y; =cosAd 1T;—cosAtan El N; + sin A tan EZ B;

_di 1 Ki+1 Ki-1
semi-discrete i = — (tan tan ) _
7 KdV- = 5 & | k=400 T0-)




'

Summary & Future Problems

@ Construction of a model of motion of plane
discrete curve described by discrete (potential)
mKdVs

Q@ Casorati determinant solution to pmKdV (solitons, breathers)

Q@ Exp
@ Bac

icit formula of discrete curve in terms of the T function.

<lund transformations

@ Discretization preserving integrability: determinant
structure of T function

@ Curve motions in various settings: generalization
to space curves

€ Combine elasticity to discrete curve dynamics

A

(Nishinari, 2001)
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