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Chapter 1

First step of integrable systems
begins from the Toda lattice
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Toda Lattice and Its Basic Properties

Completely Integrable Systems
Lax Formalism .

compatibility of linear systems

Backlund transformation

Hirota’s method - Construct exact solutions

Soliton solutions
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Toda Lattice Equation Q DISDDG2012

dzqn

= eqn—l_QH, Pt eQn_Qn-kl

dr?

Relative displacement : 7, = (¢, — {n—1

Potential energy : ¢(r) = Force —¢'(r) I A N
d2q dn—1 dn dn+1
Equation of motion y 2” = —¢'(r,) + &' (rne1)
5
@® Hooke’slaw: d(r) = %Kﬂ Force: —¢'(r) = —kr
| _d’q,
Equation of motion: —5- = —K(qn — Gn-1) + K(@n+1 — Gn) = K(Gn+1 + qn-1 — 2qn)
a _ r ’ —br
@® Toda potential: $(r) = e +ar a,b>0 Force: —¢'(r) = a(e™ - 1)
a ab ,
Rem. r~0: o)~ 2 + 71’ Hooke’s law

Equation of motion: m e [e—b(qn—qn_l) L e—b(qn+1—qn)]
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Various Forms of Toda Lattice

2
d”qn =gt S n = n |
dr?
4 ) )
d°r
dtzn =™ 4 't — Qe Yn o= qn — Qnal
\§ J
4 )
(4 (14 V, = e
e —log(1+V,) =1, = L, +V, =¢€",
d_t2 lOg(l + Vn) =V +V,.1 -2V, or ! dl, X ~ dqn
=V, -V, I =
. dt " " \ dt
\§ J

o—Tm T T Tm -- - —TmM o
P B — Vn{ —_— I:: — Hi 7]
(o, o]
4 J )
( da,
dr = ay(by — bypy1), 1 andus 1 dg
n==e 2, by=—-—"
| b _on =3 2 dt
. dt _ (an—l an)
\_ J
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Properties of Toda Lattice (1)

. DISDDG2012

€ Hamilton system of classical mechanics, with the Hamiltonian

1 a dq
H - 2 + = —b(Qn_Qn—l), 0=, o= I’l,
2m Zn:l?n b Zn: ) n = P =T

€ In the case of finite system with N particles (e.g. periodic system), there
are N conserved quantities commuting w.r.t. the Poisson bracket.
Namely, it is completely integrable systems, and the initial value problem
can be solved by quadrature.

Liouville-Arnold’s Theorem:

If a Hamilton system with N degrees of freedom possesses N conserved quantities
commuting w.r.t. the Poisson bracket, then the initial value problem is solved by
finite times applications of quadrature, namely,

* arithmetic operations

* differentiation & integration

* taking inverse function

* solving equations without differentiation

@ Examples of completely integrable systems:

@ 2-body problem (Kepler problem)
@ Lagrange top, Euler top, Kowalevskaya top (1888)
@ Toda lattice (M.Toda, 1967)
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Properties of Toda Lattice (2)

Q DISDDG2012

@ Formulation as the spectral preserving deformation of an
eigenvalue problem of a linear operator (Lax formalism):

dl,
dt

d
= V-1 = Vi, Ztlog(l‘l‘vn):ln—lnﬂ, n=1,....N, Iyy1 =1, Vyy1 =V

( [ 1 1+VN\
1+V, g |
1+V, I3 1

LY =AY, L=
1+ Vyo In-q 1
.1 1+ Vyog Iy )
( 0] 1+ Vy )
1+V; 0
d¥Y 1+ V> 0
— =BY, B-=
dt .
1+ Voo 0
\ 1+ Vn-i 0 ),

¢ Compatibility condition with At = 0:

Lo, 2 Ly, 1py-pry L o prL_LB| = i
dt dt d dt a7 Toda Lattice
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A Merit of Lax Formalism @ DISDDG2012

A merit of Lax formalism - construction of conserved quantities

Tr LX (k=1,...N) are conserved quantities.

d
—Tr*=0, k=1,....N.
dt

N

For A = (aij), B = (bl]) Tr A = i ai;, Tr AB = i ZN: aikbk,- = ZN: Z bk,-a,-k =Tr BA

i=1 i=1 k=1 k=1 i=1

If entries of A and B are functions of t, then

AL dA dB
—TAB— lb,: b,+,b =Tr|—B+A—

Since L = BL - LB, we have

d
ETr LF=Tr (L’Lk—1 + LLLF? + .- 4 Lk‘lL’) = Tr [(BL — LB '+ (BL- LB)LF? + --- + LFY(BL - LB)]

= Tr [(BLk — LBL*Y+ (LBL* ' — LBLF?) + .- + (I*'BL - LkB)] =Tr(BL' - L'B)=0. O

% In terms of gn Tr L « momentum (GEEJE), TrL? « total energy
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Bicklund Transformation @ DISDDEZL0LZ

( i i e
dqn — /leQn_qn + leqn_1_Qn + d qn — eQn—l_Qn — eQn_Qn+1
dt A _ dt?
(%) 4 [—>» eliminate qn(Qn) =—p !
d—n =1 qn—4 1 4n—qn+1 d2_ — — —
\ dt = A€ + —e Ta n — eQn—l_Qn — eQn_QrHI
. dr?

Solving (*) for given g, , we obtain another solution g, : Bicklund transformation

Q Example: ¢, =0, 1=¢" a=—(+e™)

( _ 1 - )
= —4n — p9n—1 ( e K

e /le e g Xn = —— ———— discrete Riccati eq.
$ SN eqn :Xn — < eXn_l—(e + e )

d— q 1 q - — . o

dtn = Aer 4 zeqn ta | X, = X, — (¢ + )X, + e Riccati eq.
\
1 + eZK(n—1)+2,8t oK — oK

B = sinhk =

1 + g2«n+2pr o)

@ BT implies rich underlying mathematical structure
@ BT can be formulated as the canonical transformation of the Hamilton system
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Construct Soliton Solutions: Hirota’s method(l) Q DISRDGZ012

travelling wave solution 1 4 e 5= sinhx = ek — e "
(I-soliton solution) In 1 + e2kn+2pt 7 2

Tn-1 Tn-1

or ¢n =log
Tn Tn

eql’l e

d dn d2 d2 Tp-2T T T
— p4n-1—"Yqn dn—qn+1 n-2¢%tn n—14tn+l
=e —e — logt,-1 — logt, =
dt* dr? dr? 72 72

n—1

_ dz 1 _ Thn2Tn d2 1 Tn— 1Tn+1
e et T T T T g et

n—1 n

= f() = | Tt =T = TuoiTuet — fO T2 | (5%)

@ Hirota’s bilinear differential operator (D-operator)
D’)?D?f g = (0x — 0 )" (0; — at’)nf

x=x’,t=t’

D.f-g= 18— f&x D)2cf 8= fix8 —2/x8xt+ [ 8&xx» DxD:f -8 = fug — fx& — Ji8&x + [&x» €lC.

“Bilinear equation (form)”

ED? Tn Tn = TnelTne1 — f(O) T,% of Toda lattice

|

() ——

T, . tau function
122821 HAEEH



. DISDDG2012

Example of Hirota derivative

Hirota derivative (D-operator)

DZLD? f e (ax o ax’)m (at 2 at’)n f(x, t)g(xla t,)

s et A = i

D, f-g= (@) f0gx)] _, = f(0)g() — f0gu ()| _. = f'g~ [

D f-g=(8,-0,) f(ngt)

_, = (82 =200, + 32) f(s(t')

=t

= fu@®8(t) = 2f(Dgr (&) + f(Dgrv ()| _, = "8 -2f"¢ + fg"

6 | Calculate DxDy f * ¢ from the definition.

DD, f-g=(0,—0y) (ay — ay/) f(g) — (axay 9.9y — 0,0 + Oy ayf) f(x,y)g(x’,y") vy

= fox,8(x,y") = filx,y)gy (X', y") = (6, 0)gx (X', ¥) + f(X,¥)8xy (X", ¥)

x=x' ,y:y’

— fxyg_fxgy _fygx +fgxy

Leibnitz rule + signs
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Construction of Soliton Solutions: Hirota’s Method: 0 RISDIDGZ0LZ

|

d”qy T 2 2
———y EDt Tn " Tn = Tl Tn—1 — f(t) {5

— 9n-1"Y9n __ ,49n—qn+1 =
) =e el — g, = log

n_
Tn

DiD;f - g = (0x — 0x)" (0; — 0r)" f(x,)g(x", 1)

e

@ Properties of D-operator:

Bilinearity: DYD} (af +bg)-h=aD{D; f-h+bDD/g-h
Exchange rule: DYD; f-g=(-1)""DyD} g f

constant argument: DD} f-1=2070/ f

Rule for exponential fns. DD e’ 4" . P %! = (p| — py)"(q) — qp)" P TPI¥H A0

;

@ Construction of soliton solutions

=
@ qgn = 0is a solution. Correspondingly, Tn = | is a solution (f(t)=1).

@ Apply perturbational technique to T, = |. Namely, assume the expansion
To=1+efD+fPD 40 4.
and plug it in the bilinear equation. Solve the equations obtained from coefficients

of € from the lower order. Stop this process at appropriate order and we have an

. approxmate solutlon. J
1292821 HAEH




DISDDGZ014

Construction of Soliton Solutions: Hirota’s Method:

1
[ 5D T T =TT T Ty = Lk eflV + EfP 4 €L+ ]

1
S D; (1+efV+Ef2+EfD) (1+efV+Ef2 + 1)

(1) 2 £2) 3 +(3) (1) 2 £(2) 3 +(3) 1 2 (2 3 ~(3)\2
(1+ef +efn+1+efn+1)(1+efn_1+efn_l+efn_l)—(1+ef,§>+ef,§>+ef,§>)

. 1)r, 1 1 1
o : [V =fD 4 fO o
1
2N . 2 2 2 2) 2 1 1 1 1 12
O 2" = fh— LA+ 22 ==sDL AV AV + LD - AP
3\ . 3 3 3 3 2 1 2 1 2 2 1 1 2
0(e) : fn( )17 fr§+)1 f( ) n 2f( ) ~D: f( ) f( ) frf+)1f( ) frf+)1f( ) frg )fn( )

@ l=soliton solution: WM =¢"  pn = Pin+ Ot (+const.)
Py
O(e) : Q% =+ e - (61021 ~ 6_%1) — Q) ==£2 smh;

Loy ) | /D 2 )2
—5Di SV S adu — 1 =

O( 62) : frEZ)N f(2) f(z) 12 f(2) — ;

n+1

———> We can choose £? = 0. Similarly,we have f® =0 (k=3,4,....)
—_—3 Perturbation is truncated! We have an EXACT solution!

12F2H21HAEH



Construction of Soliton Solutions: Hirota’s Method: @ DISDDGZ012

: : . P
| -soliton solution: T, =1+¢€", n =Pn+2sinh 71t

¢ 2-soliton solution: = L p = P+ Q;t (+const.)

0@: S =g+ 0 20— Q= #2sinh 2!
0(62) : frgz)u _ 31 _ ﬁ)l n 2f,§2) _ _%th fn(l) _frgl) Jrfrler)l n(i)l _frgl)z
= _%th (e +e™)-(e" + ) + (e'““Dl + e'72+P2) (em_Pl + e"z_Pz) — (M + €P)?
— _ th el . o 4 oMM tTP1=P2 4 R =P1+p2 _ ) it
= —(Q1 - Q)" + (ep1;P2 e )2 enimn = — (e%l — e_%l)(ep72 — e_%)(e@ — e_@)2 enmn

Put f? = Apen*r
5 Py +Py P1+Py \2
LHS = A12(Q) + 05)%™™ — A, (e 2 -0 ) T+

2
Pl Pl P2 P2 P1+P2 P1+P2
= —Ap (67 — 6_7)(67 — 6_7)(6T — e_T) e

PP P{—Py \2 . _ 2
e T — T sinh —P14P2

P1+P2 P1+P2
e 4 — e 4
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Construction of Soliton Solutions: Hirota’s Method: @ DISDDGZ012

. P
frfl) =e + enza frfz) = A126U1+772, i = Pin + Qita Qi = +28inh El

0(63): fn(3)// f(3) f(3) + 2](‘(3) D2 f(l) f(2) +f(1) f(2) f(2) f(l) 2f,,§1)f,§2)

n+1 n+1 n+1

— _th (6771 + 6772) ,A126U1+772 + (en1+P1 + eU2+P2) A126U1+772—P1—P2 4+ (eﬂl—Pl + enz—Pz) A126n1+n2+P1+P2

_2(8771 _|_e772) Alzemﬂh

| st term of RHS:
th (! + ™) - eMim — th e . M+ 4 th e . Mt — [0, — (0] + Q2)]2 XMt 4 (0> — (O + Q2)]2 IR

— N2 2m+n 2 m+2m
= Q2 e + Q1 e

2 2+ 2 m+2m 3 AL 21+ dl Y m+2m
RHS: A, |- TR Qe e —eT2 | TR e —eT 2| T =0

=3 Ve can choose ff) = (. Similarly, we have f,,fk) =0 (k=4,5,...)

- Perturbation is truncated again! We have EXACT 2-soliton solution!

4

sinh £1372

. P,-P, 2
sinh ——*
2-soliton solution: T2 =1+€" +€&” + Ape”™”, A = ( ]
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Why 2-soliton solution is “2-soliton”? O DISDDG2012

2-soliton solution: > =1+¢€" +e™ +Appe™™, ni=pn+qt, g =-2 sinh%
. 2 Di
Asuume p; > p2 > 0 and write 7 =pn-vi), v = > sinh >
i
Since v; is monotnic increasing function of pi, v| > v2> 0.
@® Look from the wave running with v, m =pi(n—-vit) = p1& & =const.

Note: 72 = p2(n—vat) = pa(n—vit) + pa(vi —vo)t = p2é1 + pa(vi —vo)t (v — vy > 0)

=1+ +e” + A" =1 + eP161 4 pP2611P2(Vi—12)t _|_Alze(P1+P2)§1+p2(V1—V2)f

equivalent up to trivial factor

I — —0o0 Ty~ 1 +eP1e =|1+¢M

t — 400 Ty ~ P21t P2(Vi—n)t _|_Alze(P1+P2)§1+P2(V1—V2)f =™ + Ape™ = e (1 + Appe™) 1+ A€

¢ Remark : Mutiplying exp[Pt+Qn] to Tn, qn = log Tn.1/Tn changes only by constant.
4 N
at t~too wave with velocity v, is observed, amplitude and velocity do not

change. But phase shifted by log A,

\_ J
1292821 HAEH



Why 2-soliton solution is “2-soliton”? Q DISDDG20LZ

® Look from the wave running with vy ' 1m = pa(n—wt) = pré, & = const.
Note: 711 =pi(n—vit) = pi(n—vat) + p1(va —v)t = p1& + p1(va —vi)t (v2 —vy <0)

=1+l + P +A126771+772 — 1 4 ePr&2tPi(2—vit | 028 _|_Alze(P1+P2)§2+p1(V2—V1)f

{ — —00 Ty ~ eP1&2tp1(r2—vi)t _|_Alze(P1+P2)§2+P1(Vz—V1)f =M + Al = ¢l (1+A1e")=|1+Ape™

I — 400 Ty~ 1 +el =|1+¢e"

4 )
at t~too wave with velocity v2 is observed, amplitude and velocity do

not change. But phase shifted by -log A».

Tn—1Tn+1
2
T

Rn =Y4n — 4n+1 = IOg

¢ Amplitudes and velocities preserved .
¢ Phase shift as an evidence of nonlinear interaction

Solitary wave with particle character: soliton = solitary+on

12F2H21HAEH



Chapter 2

Theory of Integrable Systems
through the two-dimensional Toda
Lattice
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| - 2-d Toda lattice and its properties

Contents and Keywords

Construct Solutions by Hirota’s method
Determinant Structure of Soliton Solutions : T function

Bilinear equation=identity of determinants : Plucker relation

Molecule solution
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Two-dimensional Toda Lattice . DISDIDG2012

— eQn—l_Qn & eQn_Qn+1,

ern+1 LS ern—l S zern,

log(l + V, ) = n+1 + Vn e 2Vn,
X0y

0l,
lOg(l + V) = el L A S o e 1 it
0y

2  Redia |
Bilinear equation - 5Dny T, o P P T e LA L) T;%

Relations among dependent variables:

Tyn— 1
= log 'n = 4n — qn+1 =

I’l

0 qn — eQn 1= 49n __ eQn dn+1 — — -1 - d qn — eQn 1=49n __ eQn dn+1
dx0y dr?

122721 HAEH



Soliton Solution

-

1

EDny Tn " Tn = TprlTp—1 — Ty

~ Y
o0 B = A+ 2f
|
O(e) : 0,0y [P — fO — 2 12D = ~5D.D, FO LD g fD (D g2
3 3 1 2 2 1

o(€) : 9,0, f@ — fO _ D 10O = _p pfO. fO 4 D @Dy gD D ) )

| -soliton solution . f" =Rye"9Y =¢8] =2nlogR; + P1x + Q1y (+{10)

I 1\’
O(e) : PO =R+ —-2=R - —
(€) 191 = Ry [z ( 1 R1)
’ 1
0(62) : f7§2) fn(i)l f(2) + 2f(2) — _szDy frgl) . frfl) fn(i)lf(l) frfl)Z -0 — frEZ) -0

| -soliton solution -

12F2H21HAEH



Soliton Solution (2) & osooszoiz

-
1
> DDy Tn = Tn = Tn1 Tu1 = T, Ta=lt+effV+Ef7+Ef0 +
- y
O(e) : 0,0, (1 = fD 4 fD 2D
1
2 1 1
O(€) : 0,0, [P — f& — (O 4 25® = ~>D.D, £ Dy pD D2
3 1 2 2 1
O(e) : 050y [ = f = fO 4210 = =DuDy £V [P+ £ L2+ L S0 = 2f D £

| -soliton solution - T, = 1+ RO POy = (

4 )
B - Similar to Toda lattice, construct 2-soliton solution to

two-dimensional Toda lattice.

Hint: Put f =t + e, i =2nlogR; + Pix + Qy (+Li0)
N Y

12F2H21HAEH



2-Soliton Solution (1) @ DSDDG2014

frgl) = 841 + 642, {i = 2n lOgRi + Pix + sz

2
1

0(e): 0xdyfy” = [y + £, =20 = PiQi = (Rl- - 1?)
l

1
2 2 ) w1
0(62) : 6xayf;§2) o ,§+)1 - ,/E_)l + 2fr§2) — —EDny f,,fl) y f,gl) + fr§+)1 ;S—)l — frgl)z
1
= —szDy (e + ) (e +e®) + (R%eg1 + R%egz) (szeg1 + R;ze@)

_ (851 + 852)2

>
R R
— —_|(Py =P _ I {1+
(P1 — P2)(Q1 — O») (R2 Rl) e
Put [ =A@
2
il = |(Py + P)(Q1 + Q7) — (Rle — ) Appetite
R{R»

[(Pl — P2)(Q1 - O2) - (% - %)2]

— fn(z) — Alze§1+§2, Ay = —

[(Pl + P2)(Q1 + O2) — (Rle — RllRZ )2]

12F2H21HAEH



2-Soliton Solution (2) & osovszo1z

0(63) : axayf,?) —frg f(3) 4 2f(3) = -D,D, f(l) f(2) +f(1) f(2) (2) (1) 2f(1)f(2)

n+1 n+1
1 1 1
= ~@ny (eévl 4+ 642) . Alzegl‘l‘fa_l_ (R%egl + R%eQ)Alz > 2e§1+{2 (_2641 + _efz)A12R2R2 O+
R2R? 2" R

) (ea n egz) Ajreb1te

E;\LE% 1 IE Dny (eé,l + 842) . e§1+§2 — Dny e{l . e§1+§2 + Dny eé’z . e{1+{2
= [P1 — (P1 + P)][Q1 — (Q1 + 02)] %72 [Py — (P1 + P2)] [Q2 — (Q1 + Qp)] €572

— P2Q262§1+{2 + P, Qle§1+2{2

2
1 1 1
a1 = A, [{—PzQz t +R; - 2} et 4 {—PlQl t + R} - 2} €{1+252] =0 v PQ;= (Ri - —)

2 1

0E): 90, fF —fO - 12D =0 = |fV=0LENS

n+1

Similary, one can choose f,(¥) = f,0)=...=0. Finally we have

2-soliton solution: [(Pl e (% £ %)2]
Tl’l — 1 -+ e{I =+ 842 + Alze§1+{2, A12 _ —

122721 HAEH



Remarks

.unsuumooo 012

@ 3-soliton solution: 7, =1+ e + % + e + A ™2 + A€ + A3e818 + Azt TT5,

2
1
(i=2nlogR; + Pix+ Qiy + o, PiQ; = (Ri — 1?) :

(- rxoi-0p- (3 5)

Aijz—

-
(Pi+ P)Qi + 0)) - (RiR; - 7l ]

@ Clever parametrization of soliton solutions (important!)

Lo\ _pi 4 1)’
PQi=(pi-g)|-—+—|=—+—--2=(Ri- 3
B I _ [ pi Pi 4i) 4qi Di R;
Pi=pi—q, Qi=—-—+—, R =|— —

pi 4 qi A - Pim9)Pj—q))
Y (pi—a)(pi—q)

B|—

2-soliton solution: 7, =1+ "7 + 1272 4 At 6174

(P1 — q1)(P2 — q2)

Yy Yy
ni =nlogp; + pix— — +ny, & =nloggi+qix—=+¢&i, Ap=
Di qi (p1—q2)(p2 —q1)

12F2H21HAEH



Casorati Determinant (1) ~ DISDDGE2012

2-soliton solution is expessed by 2x2 determinant!

m &1 m &1 (1) (1)
gl E=E e pié - qie i f;l+1

Casorati
2 2 o
e’ + 2 pre™ + qre® eu f(+)1 determinant

n

1, =1+ 6771—51 2 6772—(52 +A126771+772—§1—§2 s

fi) =€+ e, mi=nlogpi+ pix - l +10i, & =nloggi + gix - X + &oi

l QZ

@ Check A = (e’“ + e&) (pze’72 + qze&) — (e’” + efz) (ple’71 + qlefl)

= (p2 = p1E™™ + (g2 — p)E" T + (P2 — g™ + (g2 — gt

=~ 1+ 92 — P1 em=é1 4 P2 — 41 e~ 4 P2~ Pi M tm—61-6 (*)

Use the freedom of 2~ 92~ qi 42 = qi

arbitrary constant:
(qa — p1)e™ = eh+log(qa—p1) _ om (p2 — q1)e™” = eitlog(pa—q1) _y om

(g — ql)efl — es1110g(ga—q1) _ ,& (g2 — ql)eé’z — pb2tlog(qa—q1) 5 6

p2 - pl X (qz - ql)z en1+n2—§1—§2

(*) — 1 4 N6 4 M52 4
@ —-q1 (q@2—p)p2—q1)

— 1+ N8 4 82 4 (P2 = P1)(q2 — Q1)6771+772—§1—§2 = (/550)
(@2 = p1)(p2 = q1)

12F2H21HAEH



DISDDG20LZ

Casorati Determinant (2)

4 N
Theorem - The following N x N Casorati determinant
() (1) (1)
n Fo1 7 Jaenar
(2) (2) (2)
n fn+1 o fn+N—
Tn =
(N) (N) (N)
h fn+1 S fn+N 1
satisfies the bilinear equation of two-dimensional Toda lattice

1
2
szDyTn "Tn = Tpe1Tp—1 — T,

where, f,® (k=1,...,N) satisfies the following linear relations:

P f(k) © P f(k)

(k)
Ox f n+1? 5}7 f

- J

Remarlc 7P =piexp (ka - [%k + TIkO) + ¢ exp (qu = % + fko) ——> N-soliton solution

12F2H21HAEH



Casorati Determinant (3) ‘ DISDDG2012

@ Step 1: derivative of T = determinant with shifted columns:
“Diffrential formula”

Freeman-Nimmo’s notation:
I A D

n n+1 n+N-1 n+j
2 2 2 (2)
(2) (2) (2) fn+]

n n+1 T fn+N—1

:|0919°°°9N_2aN_1|, j:

2 S e AN
Prop: (Differential Formula)

Tn:|0919°°'9N_29N_1| axTn:|0919'°'9N_29N|
Th+l :|199N_29N_13N| _8yTn:|_1919"'9N_23N_1|

Tp1 =1-1,0,1,--- ,N=2|  —(8:0y+ 1)1, =|-1,1,--- ,N=2,N|
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Casorati Determinant (4) @ DISDDG2012

¢ Check: Formulas in the left are trivial. Right ones are checked as:

0yt =|0,1,--- N=2,N-1|+---+|0,1,--- ,N-=2,N-1|+]0,1,--- N-2,N-1'
:|1a 97N_23N_1|++|0>1aaN_13 |+|0a1,°”aN_2, |
LR
=10,1,--- ,N=2, V| Ty T e
Oyt, =|0,1,--- ,N-2,N-1|+|0,1",--- N=2,N-1|+---+|0,1,--- ,N=-2,N-1
:_l 919“'7N_27N_1|_|09 99N_27N_1|__|09193N_27 |
05" _
=|-1-1,1,--- ,N=-2,N—-1| L=—f,f_)1
0y
0.0yt =—-| -1,1,--- N-2,N-1|-| -1,1,--- N-2,N-1|+---+| -1,1,--- N=2,N-1
:_|0719,N_2aN_1|_| _1917'°'9N_2aN|
— _Tn_l _1,1,°°’9N_29N|
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Casorati Determinant (5) . DISDDG2012

@ Step 2: Bilinear eq. = identity of determinant: Pliicker relation

1
0= EDnyTn Ty — Tpe1Tnal + T,zl = (8x8y7n) T, — (0,71,) (8yT,,) — Tps1Tno1 + 7,21
:(_loala 9N_29N_1|_| _1917 9N_29N|)><|091a aN_ZaN_ll

_ 0,1,-~-,N—2,N|><(—| —1,1,~--,N—2,N—1|)

-11,2,--- ,N-1,N|x| -1,0,1,--- N=2]|
+10,1,--- , N=-2,N-1|%x|0,1,--- N=-2,N-1|

=-]1-1,0,1,--- , N-2|x|1,2,--- N—1,N|
+|-1,1,--- N-2,N-1|%x]0,1,--- , N=-2,N|
_l _19199N_29N|X|09199N_29N_1|

Bilinear eq. of (x) O |-1,0,1,.--- ,N—=2| x |[1,:-- , N=-2,N—1,N |
2DTL
10,1,--- , N-2,N-1|] x |-1,1,---,N—2,N|

10,1,--- , N=2,N| x |-1,1,--- , N=2,N—-1|
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Casorati Determinant (6) G DISDDG2012

@ Proposition: Laplace expansion of determinant

A = (aijh<ijev N x N matrix

A2 :{ x £ minor determinant obtained by choosing i}, i>...,i-
J1J2i th rows and j,j,,...,j.-th columns from A
mljlll]zz . : (N-0)x (N-£) minor determinant obtained by removing

i1,i2...,it-th rows and jj,jz,...,j-th columns from A

Fix £ integers iy, iz...,it such that 1 <i; <i, <--- <i; <N Then we have:

—ljlp

AN N iyip-iy
Al = (=1) Z (=D |A|]1J2 Ji |A|J1J2 Ji
I1<ji<---<ji<N
o ) — . i .
Q@ Example: (= |,ii=].  |Al; =a;
. —1
1 , .
Al= ) =Dy, xJAl = 0 an, XAy, Avg,: (1ji)-cofactor

1<ji1<N 1<j <N

—> Expansion w.r.t. I st row
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Casorati Determinant (7) Q DISDDG2012

Consider the following identity of 2N x 2N determinant:

o=| ML AT B S e

| !
o 0|1 --- N=2| -1 —-(N=-2) | 0O %)
RHS=|—"{ """~ s LT
-1 %) | 1 -+ N-=2 "N-1 N
@ 0 1 N-2 Y g @
| -1 ) 1 N-2 N-1 N

Now apply the Laplace expansion with (=N, i;=1,...,ix=N. Since the
upper block contains N+| empty columns, all the terms in the

expansion are 0.
1252821 B AEH



Casorati Determinant (8) Q DISDDG2012

NlN

o=~

Apply the Laplace expansion to RHS directly: Plucker relation (simplest case)

0= |-1,0,1,--- , N—=-2]| x |1,--- , N=2,N—1,N |
+ 10,1,--- N-2N—-1| x |-1,1,---,N=2,N| —> Bilinear equation
- 10,1,--- , N=2,N| x |-1,1,--- N—-2,N—1|

Bilinear equation of 2DTL = Plucker relation

(1) (1) (1)

$n 9On+1 T (70n+N—1
(2) (2) (2)

$n (70n+1 T ‘70n+N—1

Tn — . . 1

N ) ) 9) Y n

Pn Pur1 90n+N—1

(i) (i)
590 (i) Oy, _ )

(9)6 = Putr1e ay = ~¥n-1

12F2H21HAEH



Essential Structure of Integrable Systems O DISDDGZ01LZ

@ Infinite number of Pliicker relations
@ Distinguished column vectors -1, 0, N-1,N can be arbitrary

@ Number of distinguished column vectors is arbitrary (more than 4)

@ Diffrential/difference structure:
With appropriate differential/difference structure in T, any determinant with
arbitrary shift can be obtained by applying suitable differential operator to T.

Example: introduce an infinite number of independent variables x;y; (j=1,2,...) such
(i) (i)
that % _ 0 9% __
(9)6]' (’Dn+j’ 8yj ()Dn_j
@ Infinite number of Pliicker relations
= Infinite number of bilinear equations sharing common solutions
(with the above differential/difference structure) “2DTL hierarchy”

(with x; or y; only) “KP hierarchy”

Sato Theory:
@ Solution space of soliton equations is the universal Grassmann manifold
@ T functions are the Pliicker coordinates.

-
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Molecule solution (1)

¢ Casorati determinant solution : n = phase of solitons

¢ “molecule solution” : n = size of determinant

T heorem - n x n two-directional Wronski determinant

f(x’ )’) ﬁxf(x, y) 3% 0Z_1f(xa y)
O L OO Bl e OO, )

P f(x,y) 007 fay) o TN f(x,3)

satisfies the bilinear equation of 2DTL

| -
EDXD)’TI’IV - Tn = Tn+lTn—1 n = 09 19 2, agyelerly *)J'H‘H (iﬂﬁ) %14: : T—l - 09 TO ot la

¢ Remark: the above boundary condition corresponds to:

Th-1 Tn+1Tn-1 Tn+1Tn-1
q, = log . go = —00, 1, =1log > ro=—o00, 1+V,= > 1+Vy=0
T, T T
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Molecule solution (2) @ DISDDG20.12

Proof - Reduce the bilinear equation to Pliicker relation.

Key: identity among the determinants with different size.

X, ai;—l X, 3’; X, |
" e Jeey (O f(y) )
= o : =10 n—Lnl, j=|
Oy f(x,y) oo OO f(xy) 070y f(x,y) Sjgnf];ix’ ;,)
ARfxy) - Ifxy) I f(x,y) | 005 f(x,y)
4 R
f ™ (0 ) (0 )
0 n—2 n—1 0 n| o1 @2
e ¢1 = ¢y =
Z 0 n—2 n|¢1 @2 1 0
> / L 0 ) L1

G J
Pliicker Relation: Key ! V

0= |09”'9n_29n_13n| X |Oa°°°an_29¢19¢2|
_ O,“‘,n—z,n_1,¢1 X Oa°°°an_29n9¢2
+ |0,--- . n—2,n—1,02| X |0,---,n—2,n,0D
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Molecule solution (3) @ DISDDG2012

Express each factor by T -

-2
-2
A
10,--,n— 2,01,z | = P2 - FT2Nf 0 0= : : = Ty
ﬁ’y’_lf 8?‘26‘;_1f I O (93_2f 52_233_2f
-2
af - oo 0 1
e ol 0
! ! Fooe o arr a
10,---,m—2,n—1,p:| = P2 e Y T 0= . _2'_2 _1'_2
O I A
FUf . grly grlglp ]
. 12 o i1 onf - OO OO
gf e df AT 0
= —0y7,
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Molecule solution (4)

|(L... s, N — 2,7l,¢k2|

|O,"°,n—2,n,¢1|

1242821 AXEHR

f

§f
af

0Ty

O f
o f
o, f

—0,0,T,,

’cf o

n—2 an—1 n an—1
ooy f 0y f O

n—-2 qn nAan
y2onf  8onf
i f a"

IR FT R
n—2 an—1 n an—1
ooy f 030§
n-2 qn nan
yrf 9

1

@ DISDDG2012

§f

af 0

X

n—2 an—1 n aqn—
o0y f 0%0] Lf

I o

n-2Aqn-2 fr . an—1qn-2
0" ('3yf:(9xa f

o2 3; f 9"o"

X X7y




Molecule solution (5)

Pliicker 0= |0,---,n—2n—1,n| X [0, ,n—2,01,03|
Relation
— O,---,n—2,n—1,¢1 X 0, ,n—2,n,gb2
+ |10, mn—2,n—1,05| X 0, ,n— 2,n, P
— Tn+1 X Tn-1
- (_ayTn) X 0xTh
T, X (—0,0yTy)

= (ﬁxﬁyrn) T, — (0,T,) (8y7'n) = T,+1Tn1 2DTL

¢ Remark : Molecular solution is on semi-infinite lattice, but it is possible to

restrict it to finite lattice.

Y; Y

.9l
N 6yY1 e ayYN Xl 8xX1 ax Xl
) = ZXi(x)Yi(Y) T ; ; X1 S : = Y(y) x X(x)
i=1 ; e : Xy 0.Xy ... oVix
a)]y_lyl a}ly_lYN N N X N
— 1y+1 =0 - by 2DTL, or “Binet-Cauchy’s Formula”
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Molecule solution (6) @ DISDDG2012

@

0% log h, Tp—1Tn+l
— Iy n—-1 — 2 ns n —
oy h,.1+h,_1 h h 7'72,

describes the transformation of surfaces in the real projective space which
admits coordinate systems ‘“conjugate net”(Darboux, 1889). Darboux also

o

constructed the molecule solution on the semi-infinite lattice.

‘5
f@ - 9T
T, = : : : —  (6770)Ta = O) = TwrTacr, T =0, To=1, 1 = f(1)
o fey - Q@
v short-circuit: Vo,—0
Finite lattice: Put [0 = Ze’ a
5 |
d T Toe L matrix in Lax formalism
7 logV, =1, — L11, V= 2 o di | )
) ) ST Vo=0, Vy=0 iagonal matrix
dIn . I, = —lOg i — . | h f
— =V =V, =g o numerical scheme o

eigenvalues
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2 . Reductions

Contents and Keywords

® Reduction

A procedure to yield a new equation by restricting the solution space.

Sine-Gordon equation, Toda lattice equation

Reduction on the level of solution

12F2H21HAEH



@ Reduction: Procedure to yield a new equation by restricting the
solution space (parameters of solutions)

| . 0
€ 2DTL — IDTL: Putt = x+y,s = x-y and impose % =0
2 2 2 2
a qn — eQn—l_Qn _ eQn_Qn+l 5 a _ a qn — eQn—l_Qn _ eQn_Qn+l d qn — eQn—l_Qn _ eQn_Qn+1
d0xdy o’ 0s? dr?

€ 2DTL — sinh-Gordon: impose 2-periodicity  gu+2 = qn

( 82
A — p41790 q0—4q1
62 ; =€ — € 82
q — eQn—l_Qn — eqn_Qn+1 — { agay 5 v — 2 (e—V —_ eV) R Vv .= qo — q1
0xQy 0”q _ o001 _ 0140 0xQy
| 0x0y
0%v . - |
= —4sinhv| sinh-Gordon equation
0x0y
—

6%6 ,
Ox0y = —4sinf|  sine-Gordon equation Vv = V=10 ¢ V=-1R

12F2H21HAEH



Reduction to Toda Lattice (1) @ DISDDG2012

| _y . . Oqy
€ 2DTL — IDTL: Impose restriction on T function to realize é‘_qs =0
Tp— OsTn_1 0,7
gn = log = = Osqn = ikl ~ =0 = 0,7, = const. X T,
Tn Th-1 Tn
Soliton solution: 7, = det(gp(i). )
° & n+j-1); j=1,..N

. 1
+ q; €Xp [5 (ql

n PixX—=- n _qix—= 1

(@) _ v+ qie’ i = pt eXPlE (pi

n pie

)zl )
— — |+ Z|pi+ — S
Pi 2 Di

— 0 (i)_l ._|_l Tex l ._l t+l ._|_l Ry _|_l ._|_l Tex l ._l t+l ._|_l sl oc (1)
sPn = > Pi D; P; €Xp > PDi D, > Pi ; > qi 7 q; €Xp ) qi g > qi 7 (T2
I 1 1 1 S 1\ .
-S> pit+t—=q+— — (Pz—%)(l— )20 —  |qi=— 3s90,(1):—(19i+—) ol
i qi Diqi Di 2 Di
AR 1
=asTn:C’NTna CN:ZE(I)I-I__,')
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DISDIDGZ01LZ

Reduction to Toda Lattice (2)

N
1 1
I=Xx+Y, — A=), [ — asn:C ns Cy = ~ i+t —
Xty s=x=y gi= o 9T =CyT NE,Z(p )

2DTL  (8,0y7,) 0 = (0x7a) (8y74) = Tus1Tur — 7,

LHS = (87 = &) 1 X T = (8 = 8) 10 X (0, + 8,) T = (3} = C3) 10 X T = (8 = CW) T X (3 + CN) T,

(G%Tn) . — (0,1, = (8?7’,1) Ty — (0iTn)* = Ty Tuo — 72| 1DTL!

¢ Bilinear equation and T function for IDTL:

1 2 2
EDf Ty Tn = TpelTn-1 — T),
@ 9021421 901(11:1\7—1
_ 90%2) 90,(,?1 90,(@2:.1\7—1 o = eé(pi_l}l_)m,-o . p e—g(p,-—pii)+§,-o
G Pt T Paene

12F2H21HAEH



Reduction to Sinh-Gordon(l) O DISDDG20L2

€ 2DTL — Sinh-Gordon: Impose restriction on T function to realize g+ = ¢n
Tn-1

Ty— Tn+l
= log — log = log
Tn Tn+2 Tn

= Theo = const. X 1,

@ Soliton Solution: 7, = det ( 7

T L geeey

X— 2 x— X— - X— -
f(k) _ pn PrX= +qZ AUX—gor frfi)z pk pz PRX= 5 o qk qz UX= 00 o f(k) N pk q%

k
— [a=-p] — (=pfP = ta=in, a=||p
i=1

e : T_17] 7]
¢ Bilinear equation: v =gy —qg; = log =log — —log4
1o 1o

(1
1 2
1

1 2 2
2DTL DDy T+ T = Tt Tt = =

sinh-Gordon

\ 2Dny T+ T1 = /17(2) —T%
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Reduction to Sine-Gordon

Bilinear equation and Casorati determinant solution to Sinh-Gordon equation

Vyy = —4sinhv, v = 210g — —logA

(1) (1) (1)
1 1 ; 2 i fn+1 i fn+N—
EDny B SThE s S Tty

1 S DE X
EDny T T = ATy — T

(N) f(N)

n+1

k
B

$ Reduction to Sine-Gordon equation

sinh-Gordon A1E\, sine-Gordon AR
82 628
éxory = —4 sinhv — v=ileiR — 9y = —4siné

It is not trivial to realize the restriction v: pure imaginary on the level of T

function . . .
Gram determinan is convenient! (Ohta’s lecture)

In Casorati determinant, 770 € R, & = % is sufficient (proof is a bit complicated)
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3 . Backlund Transformation

Contents and Keywords

® BT from calculus of bilinear equations
® Lax Formalism from BT

® New solutions from BT

12F2H21HAEH



Theorem (BT of IDTL) : Let T, be a solution to IDTL

|
5D T Ta = T Tt =7, (K

For parameters A, A2, A3, if T, satisfies

Dt Tp Ty = /llTn+1Tn—1 o /12Tn7-n

1 (%)

Dt Tn+l - ?n = _A_Tn?n-l—l + /13Tn+1?n

I
then 7, also satisfies (%) . Conversely, if 7, satisfy (k) ,

and Tn satisfies (5%) , then Tn is also a solution of (%) .

& Proof:

1 _ 1 _ _ _ _ _
P = EDny TnTn — Tp+1Tp-1 + T% (Tn)2 - (Tn)2 [szDy Tn*Tn — TpelTp-1 t+ (Tn)2

It suffices to show P=0 if T, satisfies (5%) and T, satisfies (3) .

122721 HAEH



Backlund Transformation (2) ~ DISDDGE2012

Key . “Exchange formula” of Hirota Derivative

Prop : For arbitrary x, y, 7,, T, the following formulas hold:

(1) DDy Ty - Ta| T2 = (1) | DDy Ty Ty | = 2D5 (Dy Ty - Tu) - T

(2) Dx (Tn+1?n—1) } (?nTn) = [Dx Thn+1 ?n] ?n—lTn 55 Tn+1?n [Dx ?n—l 2 Tn]

Verified directly. Refer to Hirota’s book for ‘“elegant” method to generate similar formulas.

1
P = [&th Th -T,J~ Tns1Tn-1 + T,%

— — — — _1_ — — _1 — —
= DDy 7y Ty - ﬂﬂnﬂmlr “TpTa + A4 IDx Tutl " Tt 4 TnTn+1] TootTo + A D T Tt |+ 4] Tn—lTn] TnTntl

exchange formula (2)

Therefore, if

_ | _
D Ty - Ty = _/l_T"T”H + B3Tpe1 T, — 2nd,3rd term: A5 terms cancel
1

then P becomes 0. q.e.d.
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DISDIDGZ01LZ

Backlund Transformation (3)

o 2
Tp-1  — Th-1 d-q, _ _
=lo : = log —, 1DTL: = g7 — gn™ 1
D . 4 _ 4 / / , .
§ BT: notethat 2L 8-T8 I8 1 & _(0ry (logg)
/g /g /S8
D1, Ty = U Tus1Tuo1 — A2TyT / — v _ o TnTnm
t tn " ln 1tn+1n-1 20ntp (IOng) — (long) = A — — A
=1 = - e
Dt Tp+l " Tn = ——TypTp+1 + /137n+17-n (]Qg Tn+1), — (]Qg?n)’ - — 1 nil + /13
A Al Tus1Th

(upper) n.1 - (lower) . :

(log !

’ — _
n—1 TnTn-2 1 Tn—1Th dQn
Ty

I | R
—— + — — L +A3 — = A1 Tt 4 —e ™I — 2y + A3
Tn1Tn—1 A1 TnTpoi dt A

(upper) »n - (lower) n-i:

R
= A + —b+A3 — = e 1T 4 — T — 5 + A3
Tn

— V4 — —
lOg Tn—1 Tn+1Tn-1 1 Tn—1Tn d%
T Tn?n /11 Tn?n—l dt /11

Same as the BT shown in Chapter |!
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Bicklund Transformation (4) @ DISDDG2012

¢ BT yields Lax form: |Put 7, =7%¥,. !

Dt Ty - Fn — /llTn+1?n—1 - /lZTn?n T;(TVZ\PI’Z+1) - Tn(\Pn+lTn), — /llTn+lTn—1\Pn - /127-721\{’1%1
1L - o
Dty -Tp = _/l_TnTn+1 + A3Tp41Th Tn+1(\{’n+17'n) — Tt (Wrs170) = _/l_TnTn+1\Pn+2 + A3Tpe1 T Poa
1 1
’ Tn+1Tn-1 ’
W = A - LW ¥, = - (1 + Vo)W1 + 1Y,
n
— ’ Tn+l , 1 — \P/ _ 1
_\Pn+1 + lOg — | WYy = ——Y, o + B3Y¥,4q n _(In + /13)LPn + — W
T, A1 4
1
A+ V)W - LY, + —YV1 = (2 + 13)Y,
SN /ll

\P;z — _/11(1 + Vn—l)\Pn—l + ALY,

(1 + Vn—l)‘}ln—l + In‘“Pn + \Pn+1 = /l‘“Pn where A = -1, Ay = 0, A3 —A.
— Lax Form
Tll’l = (1 + Vn—l)LPn—l or (_/ll)ne/lzt\yn — LPna /13 = —A.
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Backlund Transformation (5) ‘ DISDDG2012

Theorem (BT of 2DTL) : Let T, be a solution to 2DTL

|
EDXD)/ Tn " Thn = Tpe1l Tp—1 — T% (*)

For parameters A, A2, A3, if T, satisfies

Dy Ty Tn = A Tne1 Tl — 2T Ty

2 Lot - (%)

Dx Tp+l Ty = _/l_TnTn—l—l + /l3Tn+1Tn
1

then 7, also satisfies (%) . Conversely, if 7, satisfy (k) ,

and Tn satisfies (5%) , then Tn is also a solution of (%) .

[ . Derive the above Theorem by the similar discussion with IDTL case

& Consider Casorati determinant solution as Tn, :

(1) SO (1)
n fn+1 fn+N— f(k) . f(k)
T,(N) = — T,=17,(N+1)
O f(k) _ f(k)
(N)  £(N) (N) yIn
Jn Jor1t 7 Jaena
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Backlund Transformation (6)

DISDDG20LZ

Bilinear eq. of 2DTL was derived by applying Laplace expansion to:

~1:0 1 -« N—2 ! 4 N —1|N
O=|-""""-" e T
—1 7, : oo N—2 | N—1|[N
modify the orange part: /
(0 )
-1 0 1 -+ N-—-2 % N —1 | @2 ,
e R e P
—1 7, 1 -+ N—-—2 | N—1]|0¢s 0
1)

Laplace expansion:

0= |—1,0,1,---,N — 2| X |1,--+,N—2,N —1,¢5 |
+ 10,1, ,N—2,N —1] x |—1,1,--,N —2,¢5|
T 0919.°°9N_29¢2| X _19199N_29N_1|
= 0 = Tyt (V) X Tyt (N = 1) + Ty(N) X (=0, Tu(N = 1)) = Tu(N = 1) X (=0, 7,(N))
— Dy Tu(N) T, (N+ 1) =10 i (N)Teit(N+ 1) | 7 =7(N), T =Tu(N+ 1), 41 =1, 1, =0
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Backlund Transformation (7) @ DISDDG201Z

ﬁ:ﬂ . Let 7,=7,(N), 7, =7,(N+1) Derive another BT:

_ 1 _ _
Dx T+l " Ty = _/l_TnTn+1 + /13Tn+lTn
1

Answer . Apply Laplace expantion to:

0= [0,1,---, N—=2,N—1| x [|1,---, N —=2,N,¢s |

T |09199N_23N| X |1a°"9N_29N_]-9¢2|
+ |0919“'9N_27¢2| X |199N_29N_19N|
— 0= Tn(N) X axTn+1(]v - 1) - axTn(]v) X Tn+1(N_ 1) + Tn(N_ 1) X Tn+1(N)

|

D, Tn+1(N) ) Tn(N + 1) — _Tn(N)Tn—l(N+ 1) Ty = Tn(N)a ?n — Tn(N + 1)7 A = 1, Az = 0
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Backlund Transformation (7) ‘ DISDDG20.12

§ Lax formof2DTL: T7,=71,%,

(O, = -1+ Vo)W + Y,

< 1 ML 0.0,¥,) = 6,(0,¥,) — 2DTL
0¥, = _(In + /13)LPn + A_\Pn+1
\ 1

¢ Reducion of BT : the same as reduction of equation

IDTL: t = x+y, s = x-y and kill s dependence
Sinh-Gordon, Sine-Gordon: impose 2-periodicity

BT of Sine-Gordon equation (A.V. Backlund, 1875)

6—6 . 0+6
(T]y = —24; sin 5 Oy, = —4sin6

M X 2 00 éxy:—4sin§
2 Aq 2

Transformation of surface with constant negative curvature!
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